
DIOPHANTINE APPROXIMATIONS, FLOWS ON

HOMOGENEOUS SPACES AND COUNTING

Abstract. Let ξ be a real irrational and let ψ : [1,∞) → (0,∞) be a mono-
tone increasing function. We consider the set

Eξ(ψ,Q) = {(p, q) ∈ Z2; |p+ qξ| <
ψ(Q)

Q
, 0 < q < Q},

and we study its cardinality |Eξ(ψ,Q)| as Q becomes large. In this talk we

present the following result: if |p/q + ξ| � q−β for all (p, q) ∈ Z×N then

|Eξ(ψ,Q)| ∼ 2ψ(Q) as Q→∞

for every monotone increasing function ψ : [1,∞)→ (0,∞) with ψ(Q)/Q
1− 1

β−1 →
∞. The exponent 1 − 1

β−1
is sharp. A similar result holds in the inhomoge-

neous case and a slightly weaker result if one restricts the counting to coprime

p, q. We also discuss some of the ingredients such as a certain flow on a homo-

geneous space of lattices.
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