CONVERGENCE AND MODULAR TYPE PROPERTIES
OF A TWISTED RIEMANN SERIES

T. RIVOAL AND J. ROQUES

ABSTRACT. We consider the series ®(ar) = Y| L5 sin(2rm?a) cot(mma), a twist of the
famous continuous but almost nowhere differentiable sine series defined by Riemann. In a
slightly different but equivalent form, this series appeared in the first author’s paper [On
the distribution of multiple of real numbers, Monatsh. Math 164.3 (2011), 325-360]. We
pursue here the study of ®, which is almost everywhere but not everywhere convergent.
We first prove that ® enjoys a modular type property, in the following sense (with &,
the n-th partial sum of ®): For all a € (0,1], the sequence ®x(a) — a® 4y (—1/a) has
a finite simple limit Q(«) as N — +oo. Using analytic properties of Q, we then prove
that ®(a) converges if and only if a is irrational and ) log(g;+1)/q; converges (Brjuno’s
condition), where ¢; is the j-th denominator in the sequence of convergents to a. This
completes the results obtained in the above mentioned paper, where it was proved that
®(«r) converges absolutely under Brjuno’s condition.

1. INTRODUCTION

This paper deals with the series

— 1
mZZI — sin(2mm*a) cot(mma). (1.1)
(The summand is defined for any real number « because sin(2rm?z) cot(mmz) is an entire
function for any integer m > 1.) It is a twist of Riemann series Y | =5 sin(2rm?a). It
appeared in a slightly different form in the diophantine study in [13] concerning the behavior
of the quantity = > _ ||mna||, where ||z|| denotes the distance of € R to Z. Riemann
series is continuous on R and nowhere differentiable, except at the rational numbers of the
form p/q with p and ¢ both odd and coprime (Hardy, Gerver, Itatsu; see [5, Chapitre VII]).
Duistermaat [6] showed that these facts are simple consequences of the following modular

7,71'777,204
type functional equation, where R(a) = > 0° | ¢ ¢ and o > 0:

m=1

2 e
R(a) — e™*a*?R(~1/a) = % +ime™ o — iga — ge”/‘l/ VTR(=1/7)dr, (1.2)
0
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which itself can be deduced from the classical modular equation satisfied by the theta series
Y mez ™’ The latter was used by Jaffard [7] to compute the multifractal spectrum of
Riemann series. The important information in (1.2) is that the right-hand side is much
smoother (differentiable with continuous derivative on (0, +00)) than what is suggested by
the left-hand side (continuous but almost nowhere differentiable).

We address here two questions:

— When does the series ®(«) converge?

— Does the series ®(«) satisfy a modular type functional equation (like (1.2)) that pro-
vides some non-trivial analytic information?

Although both questions might seem unrelated, it turns out that our answer to the
second one is an important step to answer the first one.

We shall now make a couple of comments concerning the first question. On the one
hand, it is easy to prove that the series diverges for all rational number o« = p/q with
(p,q) = 1. Indeed, in this case, for any integer J > 1,

Jg—1 sin(2rm?a) cot(rma) ! in(27k2p/q) cot(rkp/ )J—l 1 2J_l 1
. — E T m E 2 Z
mgl m P ) (Jg+ k) =174

whence a logarithmic divergence of ®(p/q). On the other hand, it was proved in [13] that
®(a) converges absolutely for any irrational number « satisfying Brjuno’s diophantine
condition

y log(gj41) _ o0, (1.3)
= 4

where ¢; denotes the j-th denominator of the sequence of convergents to a. (') More
precisely, the “absolute convergence” result proved in [13] concerns the series of general
term -5 > | cos(2rkma) but this does not change anything since

cos(mm(m + 1)) sin(mrm?a)

1 m
— E cos(2mkma) =
m

k=1

m? sin(mma)

_ sin(2mm*a) cot(rma)  sin(rm’a)? (1.4)
2m? m? '

and the second fraction on the right of (1.4) is the term of an absolutely convergent series

for any a. The proof uses the fact that |sin(2rm?a) cot(mma)| < lm*all 411d then estimates

[lmal|
in terms of the continued fraction expansion of « for the growth of the sums Zgzl A‘:ﬁiﬁ(‘j”,

cos(mn(n+1)a) sin(rn?a)
n? sin(mna)

®(a) is given by Eq. (1.4) below. Furthermore, Brjuno’s condition is replaced in [14] by the more compli-

cated condition 3 10g(max(q;_+1/ 9::91)) < 0. Tt was not stated in [14] that both conditions are equivalent:
J

indeed, we have g;11/q; < max(qgj+1/¢5,9;) < 2¢;4+1 and the series Zj log(gj)/q; is convergent for any

irrational number a. It is well-known that only Liouville numbers may fail to satisfy Brjuno’s condition,

which thus holds almost surely.

'The results proved in [13] concerns the series > o | and its simple relation with
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FIGURE 1. Plot of @55 on [0,1]
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inspired by the estimates found in Kruse’s paper [9] for the sums SV
also [14].

In the present paper, a modular type property of ®(«) is established and used in order
to understand more precisely the convergence properties of ®(«). For any integer N and
any real number «, we denote by ®y(«) the N-th partial sum of ®(«) :

Dr(a) = Z sin(2rm®o) cot(ﬂma)'

We then consider
QN(Oé) = q)N(Oé) — Oé(I)LaNJ(—l/Ol)

where | - | denotes the floor function. We observe that the limit of Qy(«) is a priori
defined almost everywhere on (0, 1] but not everywhere. The first part of the paper is
devoted to the proof of the following result, which in particular shows that the limit of
Qn (a) exists and is defined everywhere on (0, 1]. For other instances of such a phenomenon,
see [1, 2, 3, 15, 18].

Theorem 1. The sequence of functions Qn has a simple limit Q on (0,1] as N — 4o00.
Moreover,

1

yiye’

sm 27Tm a

Mz

+ Gn(a) (1.5)

m=1

where G has a simple limit G on [0,1] as N — 400 and |G ()| is bounded by an absolute
constant for all o € [0,1] and all N > 1.
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FIGURE 2. Plot of Q500 on [0.07, 1]

In particular, the function

Qo) — % 3 —Sm@n:? a) (1.6)

is defined and bounded on [0, 1]. The Riemann-like sine series in (1.6) is continuous and
behaves like malog(1/a) as a — 07 (see Lemma 3). These facts will be important for
the proof of Theorem 2 stated below. We will provide explicit expressions for the limits
G(a) and Q(«) but they are not easy to study precisely. Graphical experiments (see
Figure 2) done with the computer algebra system PARI/GP lead us to formulate the
following conjecture:

Conjecture 1. The function G is continuous on [0, 1].

Fortunately, Theorem 1 provides us enough control on 2 and this conjecture is not
required for the proof of our next result.

Theorem 2. For any irrational number o € (0,1), the series () converges if and only
if Brjuno’s condition (1.3) holds.
In case of convergence, we have

D) = ZOzT(a) T @) QUT () (1.7)

where T*(a) denotes the k-th iterate of a by the Gauss map T(a) = {1/a}.

Remark. By the classical properties of continued fraction expansions (See Section 3.1), we

have T'(a) ~ 2= and oT'(a) - TV Ha) = [gj_10 — pja| = i. Hence, since ) has a
J J

logarithmic behavior at the origin, identity (1.7) can be viewed as the quantitative version
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of the first (qualitative) part of Theorem 2. Similar expansions can be found in [15, 16] for
instance and implicitly in [17].

As mentioned above, it was proved in [13] that ®(«) converges absolutely if Brjuno’s
condition holds. Together with Theorem 2, this leads to the following result.

Corollary 1. The series ®(«) converges if and only if it converges absolutely.

We observe here that ® could be related with “false” Lerch’ sums and “false” theta
functions (“false” means here that we replace summations over Z by summations over N*
in the usual definitions of Lerch’ sums and theta functions). For Lerch’ sums, we refer the
reader to Mordell’s papers [11, 12| and Zwegers’ thesis [19] on mock theta functions. It
would be interesting to know if an alternative expression for €2 could be deduced from this
relationship which would prove Conjecture 1.

Beside Conjecture 1, let us conclude this introduction with a few other problems. For-

mally, the Fourier series expansion of ®(«) is S(®)(«a) = ’I—; + 3% 2% cos(2mna) where

Pn = dz d* — 5 if n is a square, ¢, = dz d*>  otherwise.
1<d<n \<dem

This is an easy consequence of (1.4). Two problems are to determine for which a’s the
Fourier series S(®)(a) converges (?) and for which ones we have S(®)(a) = ®(a). In the
spirit of Davenport-like problems (see [4, 10]), the natural answers would be “if and only
if Brjuno’s condition holds” for both problems but we don’t know what to expect here. It
was proved in [13] that S(®)(a) = ®(a) if D722 gj11/q; converges, which is an almost sure
condition but stronger than Brjuno’s condition. Another problem is the determination of
the minima of ® on [0, 1], which seems to be at o = @ and o = %‘?’ Finally, it would
be interesting to know if our method can be adapted to study the convergence of the series

[e.e]

sin(2rm?a) cot(mma
3 ( ) cot(mmar)

mS
m=1
for any given s € (1,2). (For obvious reasons, this series converges, respectively diverges,
for every a € R if s > 2, respectively if s < 1.)

We will frequently work with analytic functions h on an open subset 2 of C defined as
the quotient of analytic functions h = f/g on Q. For any z € Q, the quotient f(z)/g(2)
(which is not well defined if g(z) = 0) will mean h(z). This will be implicit in the whole
paper. We will still denote by |-] a modified floor function: on [0, +00) it coincides with
the usual floor function while on (—o0,0) it is set to zero. We will also often treat labels
given to certain quantities as mathematical expressions; for instance, if (10.1) and (10.2)
are such labels, we will freely write things like [(10.1)| < 1 or (10.2) = 0 when the meaning
is obvious.

2Since ® € L2(0,1), S(®) converges to ® almost everywhere by Carleson’s theorem.
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2. PROOF OF THEOREM 1

2.1. Strategy of the proof; a basic identity. Let f : R — C be a map. For all N € N
and all « € R\ Q, we set

N f(2rm2a) cot(rma
_ 3~ Jemia)tna)

\I/N(O./) D)

m=1
(The value of an empty sum is set to 0.) Using the classical expansion

o0

1
cot(mz) = — + 222
Tz

n=1

)

22 _ pn2

which is valid and uniform on any compact subset of C \ Z, we get, for all M, N € N and
all a € (0,4+00) \ Q,

N 9 2 M oo
Uy (a) — aly(~1/a) = % 3 W LY W

1233 (L) _ fioomee)) 1

m n m2a? — n?
m=1 n=1
N +00
1 f2mm?a) f(=2mn?/a)
+2a Z . Z 202 2 20 Z Z 2 2 2
m m2a?2 —n m2a? —n
m=1 n=M+1 n=1 m N+1

If f is the restriction of an analytic function vanishing on 277, then the above equality is
meaningful and valid on (0, +00). Therefore, in the particular case f = sin, we obtain, for
all a > 0,

1 & sin( 27Tm a)  ao? o] sin(2mm? /)
= L 3o dnlerme) _ o S snont) o
To A~ T m

N |aN] . 20,
+2@Z Z (sm (2mrm?a) +Odsm(27m / )) 1 (2.2)

n m2a? — n?
m=1 n=1

N 2042 Z sin(2rm? a) (2.3)

2a2
= n—LaNjJrl

+2a2 Y = 3 sin(2mn’/a) (2.4)

n m2a? — n?
n=1 m=N+1

In order to prove Theorem 1, it is sufficient to show that the three sequences (2.2), (2.3)
and (2.4) converge as N tends to +oo and that their moduli are bounded by an absolute
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constant for all @ € [0,1] and N > 1. This will be proved in Sections 2.2, 2.3 and 2.4
respectively.

2.2. Study of (2.2).

Proposition 1. The double series

Z —
(0

m,n>1

sin(2rm?a)  asin(2mn?/a)

= - (2.5)

converges and defines a bounded function of a on [0,1]. Therefore, (2.2) converges as
N — +oo and its modulus is bounded by an absolute constant for all a € [0,1] and all
N > 1.

Proof. For all integers m,n > 1, for all a > 0, we have

1 (sin(27rm2a) | asin(2mn? /a))

m2a? —n? m n
1 a) sin(2rm?a) sin(27n?/a) + sin(2rm2a)
“\m  n) (m2a?—n?) (m?2a2 —n?)n
n—am sin(2rm?a) cos (m(m?a — n?/a)) sin (m(m*a + n?/a))
mn  (m?a? —n?) (m2a? —n?)n
Therefore, for all a > 0,
n—am
2.5) < 2.6
@5)<a ) | (2.6)
m,n>1
sin (7m(m2a + n?/a))
207 2.7
Far Y [l o
m,n>1
1 1
We first study (2.6). We have |ma+n < 57amm- S0
ma —n Va
a :
mn(m2a? —n?)| = 2(mn)3/?
It follows that (2.6) is bounded in modulus by an absolute constant for all a € [0, 1].
In order to study (2.7), we use:
sin (m(m?a +n?/a))
2.7) < 207 2.8
(27) < 2a Z (m2a? — n2)n (2.8)
m,n>1
Ima—n|<1/2
1
20/° —| - 29
DI e 29)

m,n>1
|ma—n|>1/2
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Let us first consider the integers m,n > 1 such that |ma —n| < 1/2. Let us assume that
« is irrational. We set € = o — *; we have |¢| < 5. Note that

m?a +n*/a —2mn = (mva — n/v/a)* = m*e*/a.
Therefore,

, |sin (mm?e?/a)

o |sin (m(m?*a 4 n?/a)) ‘ _

n(m?a? —n?)

n(ma + n)me
mm?*e?/a am

2n(ma +n)

<ao? <

amme ‘

n(ma + n)me n(ma +n)

where we have used the inequalities |sin(x)| < |z| valid for all real number = and m|e| <
1/2. By continuity, this estimate remains valid if « is rational. We now observe that

2 m22%< 2 ma1+n)

m,n>1 n>1 m>1
[ma—n|<1/2 n71/2§mgn+1/2
and that
nt1/
1 1 =5
Z = 2 1/2 + t
= mo +n n—1/ no1/2 tartn
n—l/QSmSn+1/2
1
1 n 1 2n+1/2 < I+

Tom—12 e P12 m—1/2

It follows that the right hand side of (2.8) is bounded by an absolute constant for all
a € [0,1]. Let us now study (2.9). We have

2= X+ ¥ )|

n>1 m>1 m>1
2n+1 <2n—1
2a

m>=5—

On the one hand, for n > 1,

1 1 1
Z |m2a2—n2|§|(w)2a2—n2|+ Z m2a? —n?

m> 2n+1 2a m>%+1
o4 N /+°° dv 4 log (4n + 1)
~dn+1 2ni1 202 —n?2  4In+1 2na ’



On the other hand, for n > 2,

1 1 1
S < + ) -
22 _ 12| — om—1\2 2 2
it Im?a? —n?| | (22=1)? a2 — 2| reme Ty n? — (ma)

2n—1

4 / 2a dx
< + -
“4n—1 1 n? — x2a?

4 1 n—+ o
- = (log(4n —1) -1
4n—1+2na(0g(n ) Og(n—a))
4 N log(4n — 1)
~4n—1 2na
If n=1and o > 1/2 then Z1§m<w m =0. If n =1 and o < 1/2 then arguing
as above we get
1 4 log(4n — 1)
< .
Z |m2a2 —n?| ~ 4n—1 - 2na

Lsm< 22t

These inequalities show that (2.9) is bounded in modulus by an absolute constant for all
a € [0,1]. O

2.3. Study of (2.3).

Lemma 1. The sequence (2.3) tends to 0 as N — +oo for all a €]0,1[. Its modulus is
bounded by an absolute constant for all o € [0,1] and all N > 1.

Proof. We have
(23)[ <22 ) 1 i __ (2.10)
- —m |n? — a®m?|

1 1

(2.12)

m —
m=|N-1-2]+1 n=[aN]+1

We now proceed to bound the three terms of the right hand side of this inequality.

We first study (2.10). If N —1/a —2 < 1 then (2.10) = 0. We now assume that
N—%—Q > 1. Consider 1 <m < LN—&—QJ. Forz > |[aN |,z —am > |[aN| —a(N —
1

=~ —2) = —{aN} + 1+ 2a > 2a and hence the map = m is continuous, positive
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and decreasing on [[aN |, 400). Therefore,

o

In2 —a?m?| = Jian) 22 —a?m?  2am & laN]| —am

n=|aN |+1

1 2am 1
< = .
~ 2am |aN| —am  |aN|—am

Consequently,
22 , Lo
1 2c 1 1
(2.10) < 2a Z: m(|aN]| —am) - laN|  ~ (am + laN]| — am)
-2
a1+1ogLN—§—2J 202 1
=2 laN | * laN | rnzl laN| —am’

But, fory < [N —21 —2|[+1, |[aN]—ay > |[aN]—a(N-L1-1) = —{aN}+1+a > aand
hence the map y — m is continuous, positive and increasing on (—oo, LN — é - 2J +
1]. Hence,

[v-3-2

et [aN] —ay
1 laN| — «a 1 laN]
_alogLaNJ_an_l_J+1)§a1g< 1)
Therefore,
1+log |[N—1-2 10g(taé\ﬂ —1)
(2.10) < 20 o] 20—

It follows that (2.10) tends to 0 as N — +oo for any a € [0, 1]. Moreover, we deduce the
inequality

2 log(N — L 1 N
« +2og( a>+2a0gm ]

STan] TN [aN]

(07

(2.10) + 2|alog af.

Since N — X >3 and [aN] > 1, we get that (2.10) is bounded by an absolute constant for
all « € [0,1] and all N > 1.

We now study (2.11). We assume that \_N — % - QJ +1<m<N. Forxz > [aN]| + 2,
z—am > |aN]+2—aN = —{aN}+2 > 1 and hence the map  — ——5— is continuous,
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positive and decreasing on [|aN | + 2, +00). Therefore,

f 1 </+00 dx 1 1 (LOZNJ+2+OHTL>
- - _ o
n:LClNJ+3 |n2_a2m2| - I_aNJ+2 x2_a2m2 20{m g LO{NJ +2_am
1 200m 1

< _ ‘
_QQmLOxNJ—i—Q—am LQNJ+2_am

Hence,
a 1

(2.11) < 2« >

m=| N—L-2|+1 m(laN] +2 —am)

2 2 N 1 1
> 2: .
LO&NJ +2 am LO(NJ +2—am

1 log(N) —log(|N — 2 —2] +1)
SM<UV—é—J+1+ [aN] +2 )

202 1

i [aN] +2 —LN—ZI—2J+1 laN]| +2—am

But, for y < N, |aN| +2—ay > |aN]| +2—aN = —{aN} + 2 > 1 and hence the map

Y aNTreay JJlrz—ay is continuous, positive and increasing on (—oo, N]. Hence,

N

3 ! < ! +/N dy
e N1 2] 41 laN|+2—am ~— |aN]|+2—aN IN-1 |41 laN]| +2—ay

Nj+2—a(|[N-21-2|+1
L LVl eIV =2 2] )
a laN|+2—aN
1
< 14 —log(3 + 2a).
a
Therefore,
(2.11) < : @ 1 2a og(IV) — log(| :—2/+1) ala + log(3 + 2a))
(N—g -2 +1 [aN] +2 [aN| + 2
< 2a 210g(N+ 1) 2a(a +log(3 + 2a))
TIN-L1-2]+1 N+1 [aN]| +2

It follows that (2.11) tends to 0 as N — 400 and that its modulus is bounded by an
absolute constant for all a € [0,1] and all N > 1. Finally, for any integers m,n, we have
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|sin(2rm?a)| = |sin(2rm(n — am))| < 27|m(n — am)|. Hence,

N laN|+2

(2.12) < > %O‘ >

m=|N-1-2|+1 n=|aN|+1

2mm(n — am)
N2 — a2m2

N laN]+2 1

= dam Z Z n—+am

m=|N-21-2]+1n=[aN]+1

2N~ [N~ -2))

<4
= am laN |+ 1+«
(3+3)
< a 2.1
SOmLozNJ—i—l—l—a (2.13)

It follows that (2.12) tends to 0 as N — +oo and that its modulus is bounded by an
absolute constant for all o € [0, 1] and all N > 1. O
2.4. Study of (2.4).

Lemma 2. The sequence (2.4) tends to zero as N — +o0o for any o €]0,1]. Its modulus
is bounded by an absolute constant for all a € [0,1] and all N > 1.

Proof. We obviously have

laN|— 3
2
(2.4) < 20 Z Z —— (2.14)
m N+1 amm ’
o]

+oo
1 1
2
NP DRI DR e rerre (2.15)
n=[aN]-2 m=|N+1/o+1]+1
laN] 1LN+1/a+1J
20 —
D DD

n=|aN|-2 m=N+1

sin(2mn?/a)

e (2.16)

We now proceed to bound the three terms of the right hand side of this inequality.
If aN < 4 then (2.14) is zero. Assume that aN > 4 and consider 1 < n < LozNJ - 3.
Fory > N, ay —n>aN — (|laN] —3) = {aN} + 3 > 1 and hence the map y

is continuous, positive and decreasing on [N, +0c). Therefore,

f 1 < /+°° dy L (aN+n) < 1
s _ o L
oo latm? = Ty a?y?—n? o 2am S\aN —n/ = a(aN —n)

a?y? fn2
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Hence,
laN]-3 laN]-3
1 2 1 1
2.14) <2 _— = — -
( )_a;n(aN—n) N; (n+aN—n>
laN|-3
1+log(laN|—3) 2 1

<2 — .
- laN | - N ; aN —n

But, for z < [aN] —2, aN —x > aN — |[aN| +2 = {aN} +2 > 1 and hence the map

T - Nl_z is continuous, positive and increasing on (—oo, |aN| — 2]. Therefore,
laN|-3 laN|—2
1 dx aN —1
< —1 ( ) < log(aN — 1).
; aN—n_/l aN —z 8 aN — |aN]| +2 < log(a )
Consequently,
1+log(laN|—3) _log(aN —1)
2.14) <2 2.17
(214) < 2B = (2.17)
1+ log(aN —1) log(aN — 1)
<2 2 2.1
- aN —1 + N (2.18)

It is now clear that (2.14) tends to 0 as N — +o00 and that its modulus is bounded by an
absolute constant for all o € [0,1] and all N > 1.

If aN < 1 then (2.15) = 0. Assume that N > 1 and consider n € N* such that
laN]—2<n < |aN]. Fory> [N+ L+1],ay—n>aN+1-|aN|={aN}+1 > land
hence the map y — m is continuous, positive and decreasing on HN + é + 1J , +00).
Therefore, we have

o

1 > dy 1 a[N—i—l—i-lJ—i-n
L . BRI LAS TR
(NeEs) 1a2m2—n2_ | N+d41] a?y? —n?  2an aLN%—i%—lJ—n
m=|N+141|+ E

1
alN+1l/a+1|—n

1 1
<— <-
« (0%

Therefore,

o]
(215) <20 Y 1 (2.19)

n=|aN|-2

It follows that (2.15) tends to 0 as N — 400 and that is modulus is bounded by an absolute
constant for all @ € [0,1] and all N > 1.
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Finally, for all integers m, n, |sin(27n?/a)| = |sin(2rn(m — n/a))| < 2xn(n/a — m)|.
Hence,
len) Ve (n/ ) oN) [N
m(n/a—m
2.16) < 2a° — =4
e <2 > o S [P ar S e
n=[aN]-2 m=N+1 n=[aN|-2 m=N+1
N+2i+1|-N L1
< 12047?L a J < 12am—&——
1+ a(N+1) 1+ a(N+1)

It follows that (2.16) tends to 0 as N — 400 and that is modulus is bounded by an absolute
constant for all @ € [0,1] and all N > 1.
The expected result follows. U

3. PROOF OF THEOREM 2

The proof of Theorem 2 will be decomposed in many steps. Before that, we recall some
facts about continued fraction expansions.

3.1. Basics of continued fraction expansions. We refer to [8] for more details and
proofs.

Let us consider an irrational number « € (0,1). We denote by [ag; ay, as, . ..] the regular
continued fraction of v, where ag = 0. For all k > 1, we have a; = |1/T*!(a)| > 1 where
T(x) = {1/} and {-} denotes the fractional part function. For any k£ > 0, we denote by
lag; a1, as, . .., ax] the k-th convergent to « and by pr, = pi(«) and g = gx(«) its numerator
and denominator respectively (note that po = 0 and go = 1). It is convenient to set p_; = 1
and g1 = 0. For all k > 1, pp = agpr—1 + pr—2 and gy = axqr—1 + 2.

In the following proposition, we list a number of basic properties of continued fraction
expansions which will be used freely in this paper.

Proposition 2. (i) For all k > 0, q. > Fp > 25/ where (F},)x>0 denotes the Fibonacci
sequence defined by Fo =0, F1 =1 and Fyyq = F_1 + F}.

(1) Both sequences (pi)k>0 and (qx)k>0 are increasing.

(i) For all b > 0, TH(a) = 82— Clmeml g o (a) - TH(a) = (—1)(gua—
pr) = lgee — pl.

() For allk >0, 3 < gry1|qree—pi| < 1, and T*(a) =< qZﬁ and oT () - - T*(a) < -2

qk+1 "

(v) The series Y poaT(a) - T*(a) converges for all irrational number c.

3.2. An iterative procedure. Theorem 1 implies the following decomposition:

Qn(a) = A(a) + By(a) + Cy(a) (3.1)
where A(a) = Aj(a) + Az(a) with
Al(a) = %Zm(%:b—;na)a A?(a) :G(O./),
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+00 . 2,
BN(a):—% 3 Sm(%z—’f) C (@) = Gx(a) = G(a).

We observe that |Cy(«)| is bounded by an absolute constant for all & € [0, 1] and all
N > 1, and that, for all a € [0, 1], limy_,o Cn () = 0.

From now on, « is a fixed irrational number in [0,1]. We define a sequence (u;);>_1
(that also depends on «) by u—y = N and u; = |u;_1(a)T7(a)] for j > 0, so that

uj = [ [[Na|T(a)] - T7(a)].
For any integer N, we define the integer ¢, (that depends on «) by
¢y =min{j € N | u; = 0}.
It is clear that {y — 400 as N — 4o00. Using (3.1), we get that, for all N > 1,

In
dy(a) = Z aT ()T Y a)A(T () (3.2)
In
+ Z aT(a)--- T a)By, ,(T°(a)) (3.3)
In
+ Z CYT(Q/) T Tj—l<a>cfuj71 (T] (Oé)) (34)

where, for j =0, aT(«) -+ T} (a) =1 and u;_; = N.
We first remark that (3.4) converges to 0 as N — +oo: this follows from Lebesgue
dominated convergence theorem. Indeed, the sequence of elements of ¢!(N, C) defined by

N CYT(OK) T Tj—l(a>0uj_1 (T](Oé)) lfj </In
P70 5 > oy

tends simply to 0 and its absolute value is dominated by an element of ¢*(N,C) (because
|Cr(B)] is bounded by an absolute constant for all g € [0,1] and all N > 1).

Moreover, we have | By (8)| < for all 5 € [0,1] and all N > 1, where the implicit
constant is absolute. Hence,

1
B(M+1)?

[ By s (T < ey

uniformly for all N > 1 and all j € {0,...,¢x — 1}. Note that this implies that, for all
j €N, B, (T7(a)) = 0 as N — +o0. Moreover, for all integer j < {y,

Tj(oz)uj_l Z 1

because u; > 0. Thus,
|B,, . (T’ ()] < 1
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uniformly with respect to N € N* and j € {0,...,{y — 1}. Using Lebesgue dominated

convergence theorem as above, we get that

In—1

Z aT(a)-- ~Tj_1(a)Buj_1(Tj(a>>

J=0

tends to 0 as N — +o0.
Consequently, we obtain that

In
on(a) = ZQT(&) T @) A(T ()

+aT(a) - T }(a) By, (T () +0(1) (35)
as N tends to +oc.
3.3. Some intermediate results. We need to prove simple analytic results.

Lemma 3. We have
. |sin(27n?3)
P e

n=1

‘ < A1+ log(1/8)) (3.6)

for all 5 € [0,1] and for some absolute constant.

Moreover,
S Sm(2n+”25) = 18log(1/B) - (L +0o(1)), B — 0%, (3.7)
n=1
Proof. We have
= |sin(n?B e 1 = 1
3 |d) >\<BLBZ A DR
n3 - n n?
n=1 n=1 n— Lﬁfl/zj +1
—1/2 1 !
<o |5+ D)+ e T r e T
< %5 (log(1/8) + 1) + %% + (3.8)

and the first part of the lemma follows.
For any = > 0, we have x — %3 < sin(x), so that for any ¢ € (0,1), sin(z) > (1 —e)z
provided that 0 < z < y/e. Therefore, for any € € (0,1), we have

= sin(n?3) 1 = 1
P LD VS D
n=1 1<n<el/4/pB1/2 n>el/4/B1/2

> (1-¢)B (log(¢"4/52) + 1) + O(B/'7?).
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Choosing ¢ = m, we get
= sin(n?p) _ 1 1 1 1
; 3 2 55108;(1/5) - 55 +5- (1 - m) . (1 - 110%“(1085(1/5)))
+O(Blog(1/5)?)
= £ Bl0g(1/5) + O(Bloglos(1/5) (3.9)
as f — 0%. Combining (3.8) and (3.9) provides the second part of the lemma. O

Lemma 4. There ezists n € (0,1) such that for all N > 1 and all § € (0,7n], we have
A1(B8) + Bn(B) > 0 and Ay(B) > 0.

Proof. Arguing as in Lemma 3, we see that, for any integer N,

(1-2)8 ) %20 if N <cl/4ple

sin(n*3) QB) 1<n<N
o

1 1
= 7 T |a—os oo Y i Ny

n
1§n§51/4/51/2 7‘L>€1/4/,81/2

where € = The result follows from the fact that

1
log(1/8)"
1 - 11
=98 > —= Y —=58log1/8)+O(Bloglog(1/5))
1<n<el/4/81/2 n>el/4/81/2
as  — 07 and hence is positive for 8 close to 0. O

For the proof of following proposition, we fix € (0,1) such that:

1)
e for all 5 € (0,n], A1(B) + By(B) > 0 and A;(B) > 0;
e there exists ¢y, ¢y > 0 such that, for all g € (0, 7],

c1log(1/f) < Ai(f) < ¢z log(1/5). (3.10)

The existence of such an 7 is guaranteed by Lemmas 3 and 4.

Proposition 3. Let (Ng)r>o be an increasing sequence of integers. The following properties
are equivalent:
(7) ZN’“ aT(a)-- T Ha)A(T? (o)) converges as k — +0o;
(i) ZJ foal(a)-- Tj_l(q)Al(Tj(a))' converges as k — +00;
(ii1) Y o<jen, QT (@) - T a) A (T () converges as k — 400,
Ti(a)<n
¢

) ZOO log(gj+1(c))

i (@) < 0.

Proof. The equivalence of (7) and (i7) follows from the convergence of the series

Z aT ()T (a) Ay (T (a))
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which itself follows from the fact that A, is bounded.
The equivalence of (i7) and (iii) follows from the convergence of

Z aT ()T a) ATV (a))
;’?{s)]lkn

as k — 400, which itself follows from the fact that A; is bounded on [n, 1].
Inequality (3.10) implies that

Z ol () - T o) A(T ()

0<j<Ny,
Ti(a)<n

converges as k — +oo if and only if

Y aT(a)--- T} (a)log(1/T(a))

0<j<Ng
T7(a)<n

converges as k — +o0o. This is equivalent to the convergence of

> ilog(Qj+1/ a)

0<i<Ny
Ti(a)<n

(we use Proposition 2 here). This is also equivalent to the convergence of the series

> %7 as follows from the convergence of the series ZOg(j?N qijlog(qjﬂ /q;) and
TI(a)>n

> e logq& (again by Proposition 2). O
J

3.4. End of the proof of Theorem 2. We can now complete the proof. Let us first
assume that Z;’io logq% is convergent. Proposition 3 ensures that the series

Z aT(a)- T a) A(TY (o))

converges. Moreover, Lemma 3 implies that |By(8)] < log(1/8) for all 8 € (0, 3] and
M > 1, and that |By(8)] < 1 for all 8 € (3,1] and M > 1. (In both cases, the implicit
constants are absolute.) Therefore,

aT(a) -+ T a) | By, (T™ ()]

< ol (@) --- T Ya)log (1/T™ (o)) if T™(a) < 5
ol ()T a) if T (a)>1
L Jog (Bt if TN (a) < 1

< QN ( dew ) ) (@) =2 (3.11)
—if T™(a)> 3
dry

which tends to 0 as N — +o00. Eq. (3.5) ensures that ®(«) converges.
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To prove the converse statement, we now assume that ®(«) is convergent. We separate
two cases.

a) We first assume that there exists ¢ > 0 such that, for all N large enough, T (a) > c.

Thenbg(qu—Nm—>0asN—>+oo. So
N

oT(a) - T Ha) By, (T (@)
tends to 0 as N — 400 (recall inequality (3.11)). Hence, (3.5) ensures that

Z ol (a) - T Ha)A(T" (o)

log(gj+1

converges as N — 4o00. This is equivalent to the convergence of Z;'io . ) by Propo-

sition 3.
b) We assume that a) does not hold, i.e. that there exists an increasing sequence of
integers (Nj)i>o such that T (a) — 0 as k — +o0o. Since
In
> aT(@) -+ TV (@) AT (@),
=0
converges as N — 400 (because A, is bounded), (3.5) ensures that
In—1
> al(a)-- T Ha) ATV () + aT (@) - T Ha) (A (T™ (@) + Buyyy (T ()
=0
is convergent as N — +00.
But

> aT(@)- 17 (@) A (TV())
Diaren

converges as N — +o0o (because A; is bounded on [, 1]). Hence, setting
me= Y aT(a) T (a) Ay (TV(a))

0<j <y, —1
T (a)<n

and
ye = aT(a) - T a) (Al(Tka (a)) + BWNk_l(TKNk (a))),

we obtain that zy + y converges as k — +o0o. But for any integer j such that T7(a) < 7,
we have A;(T7(«)) > 0 and, for all k large enough,

AT (0)) + By, _, (T () 2 0.

ugNk,
Therefore (xy)r>0 is an increasing sequence of positive numbers and y; is positive for all

large enough k. It follows that (zx)r>0 is convergent, providing the desired result by
Proposition 3.
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This completes the proof of Theorem 2.
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