REMAINDER PADE APPROXIMANTS FOR THE EXPONENTIAL
FUNCTION
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ABSTRACT. Following earlier research of ours, we propose a new method for obtaining the
complete Padé table of the exponential function. It is based on an explicit construction
of certain Padé approximants not for the usual power series for exp at 0 but for a formal
power series related in a simple way to the remainder term of the power series for exp.
This surprising and non trivial coincidence is proved more generally for type II simulta-
neous Padé approximants for a family (exp(a;z));=1,...» with distinct complex a’s and we
recover Hermite’s classical formulae. The proof uses certain discrete multiple orthogonal
polynomials recently introduced by Arvesi, Coussement and van Assche, which generalise
the classical Charlier orthogonal polynomials.

1. INTRODUCTION AND MOTIVATION

In [10], the first author gave a new proof of the irrationality of ((2) = Y_p2 | 1/k? (and also
of ((3) = >_12, 1/k?) based on an explicit construction of certain Padé approximants of the
remainder term Ry(1/n) = 3250 1/k%. More precisely, we have that ¢(2) = S2r—1 1/k* +
Ry(1/n) with

Z zk‘ +1
k= o
The function Ry is meromorphic on C\ {0, —1,—-1/ 2, —1/3,...} and consequently cannot

be holomorphic at 0. However, it is C* at z = 0 and admits a Taylor expansion (with
radius of convergence zero) Ry(z) = > ey Biz"tt, where By, is the k-th Bernoulli’s number.
The keystone of the method is an explicit computation of the diagonal Padé approximant
Po(2)/Qn(2) = [n/n]z,(2) € Q(2) of the series Rs(z), with a good estimate of the error
term E,(2) = Ry(2) — [n/n]g,(2). In the final step, one finds that

Qn(1/n)En(1/n) = Qn(1/n)C(2) — @n(1/n) Zl//f2 w(1/n) = qn(2) —

provides a sequence of rational approximations p,, /g, good enough to imply the irrationality
of ((2). Surprisingly, it turns out that the rational numbers p, and g, are well known:
they are exactly those used by Apéry [1] for the same purpose.
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A similar phenomenon occurs for ((3), where one recovers Apéry’s celebrated approxi-
mations, also given in [1]. Furthermore, in [12], the second author adapted this method
to produce a sequence of fast converging rational approximations w, /v, for Catalan’s con-
stant G = Y 7 (—=1)*/(2k + 1)* (the role of the Bernoulli’s numbers being played by
Euler’s numbers); although the irrationality of G' could not be deduced from these approx-
imations, they were found to be the same as the approximations 4, /7, to G previously
obtained in [13] by means of a completely different method, based on hypergeometric se-
ries (the proof of this coincidence is quite long and intricate). The hypergeometric method
is central to recent progress on the problem of the arithmetical nature of the values of
the Riemann zeta function ((s) at odd integers s > 3; it also provides new proofs of the
irrationality of (2) and ((3) (see [8] for a description of this method).

In [6], very general Padé type approximants problems were proposed and solved in
order to generalise (by a functional approach) the hypergeometric method. This time, the
involved functions were not remainder functions like Ry but the polylogarithmic functions
Lis(z) = Yoo, 2%/k*, defined for s > 1 and |z| < 1, with (s,2) # (1,1). For example,
the rationals numbers p, and ¢, for ((2) are explicitly produced by the solutions of the
following two point Padé type problem (first proposed and solved by Beukers in [4]): find
polynomials A, (z), B,(z) and C,(z) € Q[z], of degree at most n, such that

A, (2) Lig(2) + Bn(2) Liy(2) + Cu(2) = O(z2F1);
A, (2)log(z) + Bn(2) = O((1 — 2)™t).

Indeed, this system admits a unique solution (up to a multiplicative factor) and A, (1) =
¢n and C,(1) = —p,. A similar system is given at the end of [12] that produces the
approximation 4, /0, for G alluded to above and thus provides another Padé interpretation
for the numbers u,, /v,.

It is somewhat surprising that two a priori completely unrelated Padé type approximants
computations produce the same rational approximations of a given number, all the more
since the function Liy(z) and Ry(z) do not share at first glance much analytical properties,
except that Lis(1) = ((2) = Ry(1). The aim of this paper is to prove the similar phe-
nomenon for the exponential function: indeed, we show that the complete table of Padé
approximants for the function exp(z) at z = 0 essentially coincide with the approximations
obtained by the method described above, which we call the Remainder Padé approximants
for exp(z). Our results deal more generally with simultaneous type II Padé-approximations
of a family of exponential functions.

Aknowledgement. We warmly thank the referees, whose remarks have enabled us to
greatly improve the presentation of our results.

2. STATEMENT OF THE RESULTS

We first introduce some notations. We will consider a finite set of exponential func-

tions (exp(a;2));_, .. The variable z is any complex number and the parameters a;
(j = 1,...,r) are distinct non-zero complex numbers. We will denote by a the family
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(aj)j=1,. r The Pochhammer symbol («),, is defined as a(a+1)---(a+m —1) if m >1
and 1 if m = 0. From now on, n denotes a positive integer.
We also define the function @, () as the series

o0

(1-1/t) 4
Zf‘k+1—1/t)z’

where ' denotes Fuler’s Gamma function: it is defined at least for any complex ¢ such that
R(1/t) < 1, and in particular for real negative ¢t. Clearly, for any j = 1,...,r, we have
that

n—1

(a; a; z)"
exp(a; z Z iz J! ,,-(—1/n).

We will show (see Lemma 1 in section 3) that ®.(¢) admits an explicit Taylor expansion
®.(t) at t = 0 of radius of convergence zero, which we therefore view as a formal power

series
o
=> oul(-
k=0

Here, the g (z) are exactly Touchard exponential polynomials of degree k [14], defined by
the generating function
z eX—1) Z 90k

Let us consider a family (Fj(X))j:1 i,

p some integers satisfying D > (r — 1)p. We recall that the type II Padé approximants of
parameter (D, p) of (FJ(X))J are polynomials Py (X),..., P.(X) and Q(X) in C[X]
such that

deg(P;) <D, deg(Q) <rp and Q(X)Fj(X)—P;j(X)=0 (X)) 1<j<r

of complex formal power series at 0 and D and

=1,..r

When r = 1, we obtain the usual Padé approximants P;(X)/Q(X) = [D/p]r, (X) of the
series F;(X).

Theorem 1. For fized z, the type II Padé approximants at t =0 of parameter (rp — 1, p)
for the formal power series (@ajz(t)) are given by the following formulae: for j =
j=1

1,...,7,

P r Fit-tkr (a'z)i_l
Praplt, ) = (—ty71 3 (H Z)(_aiz)p_ki)<_1/t)k1+~~+kr 2. iy

Quplts2) = (—1) Z (f[(,f.)(—aiz)p’fi)(—l/tm.m. 7

)
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Remarks. 1) We set the variable z at the same level as ¢ since it will be the main variable
below.
2) The polynomial @), , satisfies Q4 (0, 2) = 1.

By Theorem 1, the simultaneous Padé approximants at ¢ = 0, namely the function
P;op(t,2)/Qap(t, ), are not only rational function in ¢ but also in z. Moreover, writing

~ P;op(t, 2)
Ejap(t,2) = Oq.(t) — 222222
e Y Qap(t, 2)
it turns out that, for fixed ¢ with ®(1/t) < 1, the function E,, (¢, z) also has a power series
expansion at z = 0. Using the definition of ®, .(t), we obtain for fixed values ¢t = —1/n
and j = 1,...,r the relations
n—1
(a;2)° _ af2" Prap(=1/n,2) _ afz"
exp(a;2) — kzzo 0 O ) = Bermlm)(21)

This equation defines simultaneous Remainder Padé approximants for (exp(a;2));_, .
(depending on the two parameters n and p) and our next result offers another interpretation
of it. We denote by Py 4n,(2), ..oy Pranp(2) and Qunp(2) the type II Padé approximants

of parameter (n + 7 p—1,p) of (eXp<ajZ)>j:l ot

Theorem 2. The Remainder Padé approzimants (2.1) coincide with the type II Padé
approzimants of parameter (n+ (r —1) p — 1,p) of (exp(a;z)) . More precisely, we

)=1,...7
have the following formulae: for j =1,...,r, ’
n—1
(a;2)" | (aj 2)"
Piany(2) = Qup(=1/n,2) p =5+ = Pray(=1/n,2), (2.2)
k=0

Qunp(2) = Qup(—1/n, 2).

Remarks. 1) This coincidence is absolutely non obvious because the degree in the variable
z of the right hand side of (2.2) seems to be n+rp—1 and not n+ (r —1)p — 1 as it turns
out to be.

2) The order at z = 0 of the functions R 4 ,,,(2) = Qunp(2) exp(a;2) —Pj 45 p(2) is thus
at least n + rp.

3) When r = 1, we can summarise this result by the equation

3
—

zk n

St [p = 1ple.(=1/n) = [n— 1/plo(2). (2.3)

i

3. TWO LEMMAS

We first provide a proof of a result announced in section 2.
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Lemma 1. The function ®,(t), defined for t < 0, is C* at t = 0. Its Taylor series at

t =0 is given by
=2l
k=0

where @ are Touchard polynomials.
Proof. We observe that

= ra-uy / .
O, (t) = =1 /eI ¢
(t) ZI‘(k;—i—l—l/t)Z +z i u e u,

k=0
which is proved using the identities

z(1—u - 4 2" ' -1/t (1 — 1/t)F<1 +€)
e )—;(1—U>E and /0 M1 — ) du = TeTi—1/8

(The interversion of the series and integral is justified by Fubini’s theorem.)
By a change of variables u = exp(vt) (we use here the fact that ¢ < 0), we thus obtain
that

Q.(t)=1~— zt/ e V(1 e(=2)(" 1) gy
0
and, from this, it follows by differentiation under the integral sign that ®,(t) is C* at
t = 0 and that its Taylor series is as given in the statement of the lemma. O

We also need a property of the sequence of Touchard polynomials (see [14]). To simplify
the presentation, we define a linear form ¢(z) (with z assumed fixed) on the space of formal

power series C[[u]] by (¢(2),u") = pn(2).
Lemma 2. For all integers n > 0, we have that (¢(z), (¥)) = z"/nl.
Proof. We first observe that, for all integers n > 0,

kn
Son(z) = 8 Z k' k7

k=0
which is a consequence of the fact that (see [14])

e k x  _k & n > n > n
z(e*—1) _ —=z Z_ ku —z Z_ (k:u> -z u_ k_ k
€ - ¢ - ]{;16 - ¢ ;kl(Z n! ¢ Zn[ kzk!Z '
0 =0 =0

Let us expand the binomial (Z) = >, ciu’, where the ¢;’s are suitable coefficients. Hence,
by definition of the linear form ¢(z), we have

B
=z (k 2" e o
- E<n)_ﬁezg(k—n>!_ﬁ
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and the proof is complete. O

4. PROOF OF THEOREM 1

The main property of the exponential polynomials ¢, (z) used here is the fact that they
are the moments of a discrete measure. More precisely, let the Poisson distribution P,
be the measure on N defined by P,(u) = e ?2%/u! for v € N (z is a parameter in this
situation). Then, we have

o0 n . u

eule) = [P =30

u=0

which is also equal to (p(2),u"™). (This equation is shown during the proof of Lemma 2.)
With this interpretation, finding simultaneous Padé approximants for the functions &\Dajz(t)
is reduced to finding a sequence of polynomials C_,, ,(X) simultaneously orthogonal for the
measures dP_, . (j =1,...,7): see [9, 10, 12] for detailed expositions of this well-known

connection based upon the orthogonality property
/ uC . p(u) dP_,.(u) =0 for k=0,...,p; -1, j=1,...r
N P

where —az = (—~a12,...,—a,z) and p = (p1,...,p;).
Fortunately, an explicit form for these polynomials already exists in the literature, under
the name of multiple Charlier polynomials (see [2, 3] but with a different normalization):

p1 Pr T
Di k,
Cowp(X)=D ) (H (k) (—a; 2)” k) (=X kbl (4.1)
k1 kr Ni=1 N
(Although this is not apparent here, the construction in [3] uses the fact that ay,...,a,
are all distinct.)
If py =py=---=p,=pe€N, then C_,,, will be denoted by C_,., .

From this, we can obtain an explicit expression for our type II Padé approximants
problem (up to a multiplicative constant chosen here equal to (—1)"?): we have

Qap(t,z) = (1) "7 C_azp(1/1),
which is the required formula, and also
Piapt,z) = (1P P D; .. ,(1/t) for j=1,...,m
where D, _,.,(X) are the associated polynomial of C_,, ,(X) given by

Dj—azp(X) = /N C‘“’po;) — f‘“z”’(“) dP_.(u) = <go(—ajz), C—az’p({ig - S—az,p(u)> |

We proceed to get a more explicit formula for D;_,, ,(X) and from now on, we set
K, =k +---+ k.. We first observe that

(~X)k, = (1) K, ( P )




hence, by linearity of (©(z), ), we have that

’ (P o) (10K (i) — ()
Dj—azp(X) = Z H L. (—a; 2)P7" (=) K o(—a;2), T x_—u |
y=0 Ni=1 N

We remark that lemma 2 only gives the expression of the modified moments of ¢(z) on
the basis (Z),n € N. Thus, we now proceed to obtain the expression of the polynomial

X\ _(u
% on the basis (z), k =0,...,K, — 1. Let us define a polynomial P (of degree

K, —1) by
() = ()
Plu) — K,
() o
Like any polynomial, P can be expressed on the Newton basis (vg, vy, ..., vk, 1) (with

vy = (u—k + 1);) using integers as interpolation points:

P(u) = Z a; vi(u).

The o’s are related to the divided differences of P: indeed, we have a; = A'P(0)/i! where
the operator A is defined recursively by A°P(t) =1 and A" P(t) = A"P(t+1) — A"P(t).
X

In our situation, we have P(k) = % for any integer k£ such that 0 < k£ < K, — 1. Thus
AP(0) = (—1) (I)((T)Aj (ﬁ)? where A is applied to the variable X. By induction, one

proves that AJ (L> = (—1) L Finally, we obtain

_s o
P= 3 o ()= (2) S ()
o
S () e (E) S (e (1)

thanks to Lemma 2. With X = 1/¢, we obtain the formula for P;,,(t, 2) stated in theo-
rem 1.
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Remark. If needed, one can also give a precise estimation of the remainder term E; , (¢, z) =
Doz (t) = Piap(t, 2)/Qap(t,2), j=1,... 1.

For example, when r = 1 and a; = 1, the remainder behaves like g,(t, 2)p!/(—1/t)2 for
t <0 (at least), with g,(t, z) of geometric growth of p at most. Without going into detalls
(see [10, 12] for similar but complete computations), let us just mention that the proof
uses the fact that

Py(t,z) 1 C,p(u)? 1 C,p(u)?
00~ 5 = e T P = <“"(z>’ 1—zu>

and that
(p(2), Coplw)?) = (p(2), 0 Cip()) = (=2)" ml.

Although this implies that the Padé approximants in question tend to ®,(¢) and thus

“sum” the divergent power series EI\Dz(t), this does not seem to be enough to deduce any
diophantine result for the values of ®,(t), because Q,(t, z) grows like t*(—1/t),.

5. PROOF OF THEOREM 2

First, we provide another expression for polynomials occuring in the simultaneous Re-
mainder-Padé approximants in (2.1) : the denominator is

Qup1fn ) = 3 (H(,f)(— ) 0,

k1,...kr=0 ¢

and the associated polynomial on the numerator can be trivially expressed as

Pjap(=1/n,2)
_ (7(1&—2)1)' r kaIMEPI;T:O(ilj (;;) (—a; z)p"“i) (n)k, (Sntr,—1(ajz) — Sp_1(a;2))

where S,, is the partial sum of the exponential series S, (t) = >__, t*/k!.
Hence, after some simplifications, the Remainder Padé approximant is

n—1
(09 2" Pray(=1/,2)
e n! Qap(—1/n, 2)

kaj (H (7 )( ) <n>msn+m_1<ajz>. »

30 (TR )y Juo

At first glance, this rational fraction has degree (n-+7rp—1/rp) in z but this is not optimal:
we prove below that its degree is (n + (r — 1)p — 1/rp).

ERREELAY M




Indeed, with K],',r = ]{?1 +-- '+kj_1+kj+1+' : +]€7« and E;',r = (1{51, <y kj—l? ]{Jj+1, R 7]€7~),
the numerator of (5.1) can be expressed as

zp: ( ﬁ (lf) (—ai Z)p_ki) (N, Aj, (2)

k1yeski—1,k4150,kr=0 “i=L1,i#j '
with
Aj

P
p s
0= 3 () 277 0k B S 1052, (5:2)
kj=0 N7
We claim that the degree in z of the polynomial A;; (z) is at most n + K}, — 1. @)
To prove this observation, which is non trivial, we first observe that, by Leibniz’s rule, we
have the identity
ar

m (t799(21))

P k —k p k
p\ d* & P\ (=1)"(@k -
(k) ) g (Gn(et) = (k) a2 Smepek(31):
k=0 k=0
By comparison with (5.2), we thus obtain the expression

p
n+p+K§- - d

—n—K/
Aj)k}yr(z) = (—1)])(1] ’ W (aj B n+K§,T+p*1(a32)> . (53)
J

A simple computation based on (5.3) then proves that the degree in z of A;,. (2) is at
most n + K}, — 1. It follows that the degree in z of the polynomial in (5) is at most
n+(r—1)p—1

We are now in position to prove that the rational fraction (5.1) is exactly the type II
Padé approximant of parameter (n+ (r—1)p —1, p) of (exp(a;2));j=1,. . The expression
of this IT Padé approximants is well-known and goes back to Hermite [7], who used them
for proving the transcendency of e. For example in [9], one finds the following integral
expressions of Hermite:

Zn—H“p 00 o
Qg,n,p<2) = mA T(.CC)G dx (54)
6ajzzn+rp 0
Pjanp(2) = m/a T(x)e ™ dx, j=1,...,r
eajzzn—l—rp ]aj B ‘
Rjanp(z) = m/o T(x)e *dz, j=1,...,r

where T'(z) = 2" ' []}_; (¢ — a;)?. The polynomials Qg ,(2) and P;,,,(2) are of degree
respectively less than rp and n + (r — 1)p — 1 ; the factor (n + rp — 1)! ensures that

IThis is a very special property: if in (5.2), one replaces S, K}, 4+p—1 by any polynomial of degree
n+ Kj,. +p—1, then the degree of the corresponding A; ;. (2) is usually n + K} +p—1
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Qunp(1) = 1. Finally, we clearly have
Rjanp(2) = Qanp(2)e”” = Pianp(z) =0 (z"77), j=1,...,r

P z
It remains to prove that the quotients M, 7 =1,...,r, are equal to the Remain-

Qg,n,p(z>

der Padé approximant given by (5.1). But from the expansion

T(x) = 2! Z,,: (}i{(ﬁ)“aﬂ”"“)“

)

and the formula

n
(az)k Zn+1€az /OO B
Sp(az) = = e dx

" k! n! u ’

we readily find that

Qnts) = i > ()t 55
Prans) = g 3 (TT(1) o)t

These expressions are found to match exactly with their respective counter-parts in the
right hand side of (5.1) for j =1,...,r. The proof of theorem 2 is therefore complete.

We conclude this section with a marginal but interesting observation. The proofs of the
previous theorems use the link between multiple Charlier polynomial (4.1) for p; = py =
-+» = p, and the denominator (5.4) of the simultaneous Padé approximations of exponential
function:

Cogep(—n) = (n)rp Qunyp(2)

ZTL+T’p > —zx

The formulas in (5.4) and (5.5) can be re-written in the general case p = (pi,...,p:),
providing the following corollary which complements previous formulas in [3].

Corollary 1. The multiple Charlier polynomials

- 553 (T () er+) e

k1=0
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satisfy

Ce p(X) = ! /OO s X1 H(S +¢;)P e %ds, (5.6)

where ¢ = (cy,...,¢,) and p = (p1,...,p,) € N
Proof. We expand the integrand in (5.6 ) as

Jf[ls+c Z ZH(pJ> by b

k1=0 kr=0 j=1 J

form which we deduce another expression of the integral

r

| s e v epesas = S Z / ( ( )) X s

j=1 k1=0
I
k1=0 kr=0 j=1

(K —X)
[(=X)

where K, = k; + - -+ + k.. The simplification = (—X)k, completes the proof. [

6. THE CASE OF LOGARITHMS AND SOME QUESTIONS

Two natural questions one may ask about the Remainder Padé phenomenon are “Why
does it occur?” and “Does it occur often?”. Concerning the first question, we must admit
that the coincidence between two different Padé approximants construction is a mystery,
for which we can’t offer an explanation but rather a verification. Formally, the problem is
the following: assume that we are given a power series F(z) = >, fx 2" such that there
exist a function G, (t), C* at 0 with a (possibly formal) Taylor series G, (t) = > e gk (2)EF,
and a suitable normalizing sequence a,(z) such that

— z_: fi 2"+ an(2) G.(1/n).

(For the exponential function, we have a,(z) = f,2".)

Under what condAitions on [ does there exist a link between the Padé approximants to
F(z) and those to G,(t)? Concerning the second question, we are aware of only one other
example (except those mentioned in the introduction, which are more related to numbers
than to power series). Indeed, in [10], the first author also discovered a Remainder Padé
phenomenon for the function L(z) = —log(1l — 2z): he wrote the remainder as

3
|

1
2k

L(z) =) -+ d:(1/n)

1

>
Il
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and noted that the function ¥,(t) admits a Taylor expansion (with zero radius of con-
0  Ri(=1/2)
0.t = S T E)

vergence) 1, (t) Z T

k=0
by

(—t)* where the R’s are the eulerian numbers defined

1 + z
— ZRk

A classical family of orthogonal polynomials of Carlitz [5] enabled him to prove the following
result, reminiscent of (2.3): for n > p,

3
,_.

k N

S D Ul ) = [n - Upli(o) (6.1)

1

i

In the following, we display a sketch of the proof of (6.1), slightly modified to be in harmony
with the similar results proved in Theorem 2 for Padé Hermite approximants of exponential
functions.

Let © be defined as the linear functional acting on the space of polynomials by <@, ok > =
Ri(—1/z)/(1—z), where z is considered as a parameter. The moments of © can be seen as
a sum of Dirac distribution on N (see [5]). Hence, the orthogonal polynomial with respect
to © are linked with Meixner I polynomials and given by

p
—1/t
Y 2 Hz -1 b :
k=0
Then, the Remainder Padé approximant of L (i.e., the left hand side of (6.1)) is

L L (@) Sy

z k=0

e A

The proof is based on a simple expression for the modified moments

© (1)

whose proof is similar to the one of lemma 2. The denominator of the Remainder Padé
approximant is related to Legendre polynomial

()0 ()

H

n—

£
Il

NE

e
i
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where Pp(”) is the Legendre polynomial of degree p, orthogonal with respect to the weight
x™ on [0, 1]. Another expression of the numerator of the RPA

L)) E )

)

implies that the difference between L(z) and the expression in (6.2) can be written as

S (@) (0 f )
- PM(2/z —1)

P2z —1) Jo (1- 1

1 (1 —w)p
= L(z) — ) / (1-u) lunflz””p du.
»P"(2)z—1)Jo (1—zu)t

We remark that this is exactly the error for the Padé approximant [n — 1/p| of L, which
was the desired result.

Surprisingly, this example does not seem to extend to the family ( —log(1— ajz))jzl .
for which certain type II Padé approximants are known: see [11]. Indeed, one has o

n—1 Nk \n
—111(1 - ajz) = (CL]Z) + (ajz> ﬂa~z<1/n)
k n ’
k=1
with the above notation. For n > rp, we obtain a simultaneous Remainder Padé approxi-
mants for —log(1 —a;z), 7 =1,...,r, of the form
p r K i—1
(P —n 1 (a;2)
> (II0- e ( ))( )X Z-
 (0;2)" o ke k=0 (jzl K K.) = i() (- a2)
k / P r
= (D —n
= > (H(l_ 1/a;z)" (@)) (Kr)
ki, ke=0 \j=1

with K, = Z;zl k;. The proof follows the same lines as for Theorem 1, using the fact that
the numbers 9(a;z) are the moments of the distribution on N defined by (a;z)* for £ € N.

The simultaneous Remainder Padé approximants for the L’s are naturally related to the
multiple Meixner I polynomials, also introduced in [2] but, when r > 2, we don’t recover
any type II Padé approximants for (log(1l — ajz))j:1 ..... . indeed, the remainder terms
provided by the approximations in (6.3) don’t satisfy the property of matching the terms
of the initial series as far as the type II Padé approximants do. The case r = 1 is thus an
exception. In any case, it would be very interesting to find others examples in order to
understand better the Remainder Padé phenomenon.
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