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In [1], we proved the following result.

Theorem 1. Let F be a G-function with rational Taylor coefficients and with F (z) 6∈ Q(z),
and t ≥ 0. Then there exist some positive effectively computable constants c1, c2, c3, c4,
depending only on F (and t as well for c3), such that the following property holds. Let
a 6= 0 and b, B ≥ 1 be integers such that

b > (c1|a|)c2 and B ≤ bt. (0.1)

Then for any n ∈ Z and any m ≥ c3
log(b)

log(|a|+1)
we have∣∣∣F(a

b

)
− n

B · bm
∣∣∣ ≥ 1

B · bm · (|a|+ 1)c4m
. (0.2)

From Theorem 1, we deduced

Corollary 1. Let F be a G-function with rational Taylor coefficients and with F (z) 6∈ Q(z),
ε > 0, t ≥ 0 and a ∈ Z, a 6= 0. Let b and m be positive integers, sufficiently large in terms
of F , ε, a (and t for m). Then for any integers n and B with 1 ≤ B ≤ bt, we have∣∣∣F(a

b

)
− n

B · bm
∣∣∣ ≥ 1

bm(1+ε)
.

When F (a
b
) is an algebraic irrational, this looks like Ridout’s Theorem for algebraic

irrational numbers, but this is not really the same. First, if F (a
b
) is an algebraic irrational

and b is fixed, then Corollary 1 applies only if ε is not too small with respect to b, and
thus we do not get an effective version of Ridout’s theorem “in base b” for this number.
Second, we don’t know if any algebraic irrational number can be represented as a value
F (a

b
) to which these results apply.

In this note, we deduce from Theorem 1 the following result, which partially solves
these problems.
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Theorem 2. Let d be a positive rational number such that
√
d /∈ Q. There exist some

constants ηd > 0, κd > 0 and Nd such that for any convergent α
β

of the continued fraction

expansion of
√
d with α, β ≥ Nd, we have∣∣∣√d− n

αm

∣∣∣ ≥ 1

(ηdα)m
and

∣∣∣∣√d− n

βm

∣∣∣∣ ≥ 1

(κdβ)m

for any integer n ∈ Z and any m large enough with respect to d, α, β.

In particular, for any ε > 0 we have∣∣∣√d− n

αm

∣∣∣ ≥ 1

αm(1+ε)
and

∣∣∣∣√d− n

βm

∣∣∣∣ ≥ 1

βm(1+ε)

provided α and β are large enough (in terms of d and ε).

Proof. Let α, β be any positive integers such that |α2−dβ2| ≤ c(d) for some given constant
c(d). Note that if α/β is a convergent to

√
d, then

|α2 − dβ2| ≤ α +
√
dβ

β
≤ 2
√
d+ 1

so that c(d) = 2
√
d+ 1 is an admissible value for all convergents.

Let f(x) =
√

1− x. Then f(α
2−dβ2

α2 ) = β
α

√
d. Let d = u

v
with positive integers u and

v. We can apply Theorem 1 to F = f , a = vα2 − uβ2 and b = vα2, provided that
α2 > cc21 |α2 − dβ2|c2 where c1, c2 depend only on d. This inequality holds a fortiori if we
assume that α ≥ (c1c(d))c2/2 =: Nd, which we now do. Then∣∣∣∣βα√d− n

B · (vα2)m

∣∣∣∣ =

∣∣∣∣f (α2 − dβ2

α2

)
− n

B · (vα2)m

∣∣∣∣ ≥ 1

B · (1 + v|α2 − dβ2|)c4m · (vα2)m

for any 1 ≤ B ≤ vα2t, any n ∈ Z and any m ≥ c3
log(vα2)

log(1+v|α2−dβ2|) .
Thus ∣∣∣∣√d− αn

βB · vmα2m

∣∣∣∣ ≥ α

β ·B · (1 + vc(d))c4m · (vα2)m
.

Note that c3 depends on f and t. We now choose t = 2, so that c3 becomes absolute. With
B = α and n = βvmn′ (for any n′ ∈ Z), we get∣∣∣∣√d− n′

α2m

∣∣∣∣ ≥ 1

β · (1 + vc(d))c4m · vm · α2m
.

On the other hand, with B = α2 and n = βvmn′ (for any n′ ∈ Z), we obtain∣∣∣∣√d− n′

α2m+1

∣∣∣∣ ≥ 1

β · (1 + vc(d))c4m · vm · α2m+1
.
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Moreover, assuming m ≥ C(d, α, β) we have

β · (1 + vc(d))c4mvm ≤ δm

for some constant δ that depends only on d. Therefore combining the previous inequalities
yields ∣∣∣∣√d− n′

αm

∣∣∣∣ ≥ 1

(ηdα)m

for any n′ ∈ Z and any m ≥ C(d, α, β), where ηd > 0 depends only on d.

We now prove the other inequality∣∣∣∣√d− n

βm

∣∣∣∣ ≥ 1

(κdβ)m
.

Any convergent of 1/
√
d (except maybe the first ones) is of the form β/α where α/β is a

convergent of
√
d. Therefore we may apply the above result with 1/d and β/α: we obtain∣∣∣∣ 1√

d
− n′

βm

∣∣∣∣ ≥ 1

(ηdβ)m
.

Since the map x 7→ 1/x is Lipschitz around
√
d, we deduce the lower bound of Theorem 2

by choosing an appropriate constant κd.
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