ON THE INTEGRALITY OF THE TAYLOR COEFFICIENTS OF
MIRROR MAPS

C. KRATTENTHALER' AND T. RIVOAL

ABSTRACT. We show that the Taylor coefficients of the series q(z) = zexp(G(z)/F(z))
are integers, where F(z) and G(z) + log(z)F(z) are specific solutions of certain hyper-
geometric differential equations with maximal unipotent monodromy at z = 0. We also
address the question of finding the largest integer u such that the Taylor coefficients of
(z71q(z))"/* are still integers. As consequences, we are able to prove numerous integrality
results for the Taylor coefficients of mirror maps of Calabi—Yau complete intersections in
weighted projective spaces, which improve and refine previous results by Lian and Yau,
and by Zudilin. In particular, we prove the general “integrality” conjecture of Zudilin
about these mirror maps.

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Mirror maps. Mirror maps have appeared quite recently in mathematics and phys-
ics. Indeed, the term “mirror map” was coined in the late 1980s by physicists whose
research in string theory led them to discover deep facts in algebraic geometry (e.g., given
a Calabi—Yau threefold M, they constructed another Calabi—Yau threefold, the “mirror”
of M, whose properties can be used to enumerate the rational curves on M).

The purpose of the present article is to prove rather sharp integrality assertions for
the Taylor coefficients of mirror maps coming from certain hypergeometric differential
equations, which are Picard—Fuchs equations of suitable one parameter families of Calabi—
Yau complete intersections in weighted projective spaces. The corresponding results (see
Theorems 1 and 2) encompass integrality results on these mirror maps which exist in the
literature, improving and refining them in numerous instances.

In a sense, mirror maps can be viewed as higher order generalisations of certain classical
modular forms (defined over various congruence sub-groups of SLy(Z)), the latter appear-
ing naturally at low order in Schwarz’s theory of hypergeometric functions (see [30]). For
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integers k > 1 and N > 1, let us define the power series

 (Nm)!¥
Fz) =) (mTJ)V 2",
m=0
which converges for |z| < 1/N*¥. The function F(z) is solution of a hypergeometric dif-
ferential equation of degree kN, which is a special case of (1.5) below. The equation has
maximal unipotent monodromy (MUM), i.e., F'(N~*"2) is a hypergeometric function with
only 1’s as lower parameters (in other words, the roots of the indicial equation at z = 0 are
all 0). A basis of solutions with at most logarithmic singularities around z = 0 can then
be obtained by Frobenius’ method; see [30]. In particular, there exists another solution of
the form G(z) 4 log(z)F(z), where G(z) is holomorphic around 0,

= (Nm)¥

G(z) =) (mT])Vk:N(HNm — H,,) 2™,
m=1

with H, :==>"" | % denoting the n-th harmonic number. In the context of mirror symme-

try, the function ¢(z) := zexp(G(z2)/F(z)) is usually called canonical coordinate, and its

compositional inverse z(q) is the prototype of a mirror map.

In the case k = N = 2, one can express z(q) explicitly in terms of the Legendre function
Agq) =162, (1+¢*)/(1+¢*")), namely as z(¢q) = A(g)/16, which is modular over
I'(2). Moreover, if k = 3 and N = 2, we have z(¢) = A\(q)(1 — A(¢g))/16. In particular, in
both cases the power series ¢(z) and z(q) have integral Taylor coefficients. Tt is this fact
that we will generalise in this paper. For other examples of mirror maps of modular origin,
we refer to the discussion in [3, pp. 111-113] (and also for the importance of such facts in
Diophantine approximation) and [20, Sec. 3.

The most famous (apparently non-modular) example of a mirror map arises in the case
when N = 5 and k£ = 1, which was used in the epoch-making paper by the physicists
Candelas et al. [7] in their study of the family M of quintic hypersurfaces in P*(C) defined
by ST0_ 2 — 52 ][, xx = 0, z being a complex parameter (see [23, 24, 28]).

The following conjecture belongs probably to the folklore of mirror symmetry theory.

Conjecture 1. For any integers k > 1 and N > 1, we have q(z) € zZ|[[z]] and z(q) €
qZ([q]]- (")

Lian and Yau [20, Sec. 5, Theorem 5.5] proved this conjecture for k¥ = 1 and any N
which is a prime number. Zudilin [31, Theorem 3] extended their result by proving the
conjecture for any k£ > 1 and any N which is a prime power.

Tn the number-theoretic study undertaken in the present paper, we are interested in the integrality of
the coeflicients of (roots of) mirror maps z(g). In that context, the mirror map z(q) and the corresponding
canonical coordinate ¢(z) play strictly the same role, because (z~1¢(2))"/™ € 1 + 2Z[[z]] for some integer
7 implies that (¢7'2(q))"/™ € 1+ ¢Z[[q]], and conversely. (See [19, Introduction].) We shall, in the sequel,
formulate our integrality results exclusively for canonical coordinates, assuming tacitly that the reader
keeps in mind that they automatically also hold for the corresponding mirror maps. It is also therefore
that, by abuse of terminology, we shall often use the term “mirror map” for any canonical coordinate.
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Our original goal was to settle Conjecture 1 in complete generality. In the present paper,
we shall accomplish much more. We shall prove a more general conjecture by Zudilin [31]
concerning the integrality of Taylor coefficients of a very large class of mirror maps (see
Conjecture 2) and refinements of the corresponding integrality results in special cases.
In the remainder of this introductory section, we describe these two sets of results (see
Theorems 1 and 2). Their proofs will then be given in the subsequent sections.

1.2. Zudilin’s conjecture. In order to state Zudilin’s conjecture, we need to introduce
some notation.

For a positive integer N, let pi,po,...,p, denote its distinct prime factors. We define
the vectors of integers

N N
(@) j=1,0 = (N

) , yen
DjiPja Pj1Pj2PjsPia )1§j1<]‘2<...§g

(1.1)

and

Dy 7 Dj,DjaPjs ’
where oy + g+ -+, =01 + fo+ - -+ + 8,. We put By(m) := 1 and Hy(m) := 0, and,
N> 2

N N
(ﬂj)j:L---,n = ( — '--’1717"‘71) ’ <1'2)
1<j1<jo < <L

. 7:1(04]~m)!
By(m) = —?lejm)! (1.3)
and (%)
Hy(m) = Z ajHpm — Z B;Hpg,m. (1.4)
For example, we have
~ (4m)! B (6m)! ~(30m)! (5m)! (3m)! (2m)!
Balm) = e B = G Bt = 05 G0m) Gm)rme

and, correspondingly,

H4(m) = 4H4m — 2H2m — 2Hm, Hﬁ(m) = 6H6m — 3H3m — 2H2m — Hm,
H30<m> = 30H30m + 5H5m + 3H3m + 2H2m — 15H15m — 10H10m — 6H6m - gHm

Given a vector N = (N1, No, ..., Ni) of positive integers, we construct the power series
00 k
Fn(z) = Z (H By, (m)) zZ™
m=0 \ j=1

2Zudilin’s definition [31, Eq. (5)] of the quantity Hy(m) (he writes Dy (m)) is different from (1.4).
We do not need it in our paper, but, for the sake of completeness, we prove the equivalence of the two
definitions in Section 11.



and

Gr(2) = ;i (iﬂmm)) (HBN ) )"

=1

It can be shown (see [31], taking into account Lemma 15 in Section 11) that the series
Fn(z) and Gn(z) + log zFn(z) are two solutions to the equation Ly = 0, where the
hypergeometric differential operator L is defined by

d O(N1)+-+o(Ng) k o(Nj) d .
L= (z&) - C’NzH H (z& + #) , (1.5)

where ¢( . ) is Euler’s totient function, Cn := H?:l Cy, with Cy;, := Nf(Nj)prjp‘P(Nj)/(p_l),
and the r;; € {1,2,..., N;} form the residue classes modulo N; which are coprime to N;.
The differential equation Ly = 0 has MUM (?) at the origin because the roots of the indicial
equation at z = 0 are visibly all 0.

We can now state Zudilin’s conjecture from [31, p. 605]. (Zudilin’s formulation is dif-
ferent. That our formulation is equivalent with Zudilin’s follows from [31, Lemma 4],
respectively (11.1), and from Lemma 15 in Section 11.)

Conjecture 2 (ZUDILIN). For any positive integers Ny, Na, ..., N, we have qn(z) :=
zexp(Gn(2)/Fn(2)) € 2Z][[2]].

It can be seen (see [31, paragraph above Theorem 2], respectively (1.6)—(1.8) below) that
Conjecture 1 is the special case of the above conjecture where k is replaced by k - d(N)
(with d(N) denoting the number of positive divisors of N), and where {Ny, ..., Npq)} is
the multiset (*) in which each divisor of N appears exactly k times.

Zudilin proved that his conjecture holds under the condition that if a prime number
divides N1 Ny - -+ Nj, then it also divides each Nj.

We claim that Conjecture 2 follows from the theorem below, which is the first main

result of the paper. For the statement of the theorem, for an integer L > 1, we need to
define

[e'S) k
GLyN(Z) = Z HLm(HBNJ<m))Zm
m=1 j=1
Theorem 1. For any integers Ny, Na,..., Ny > 1 and L € {1,2,... ,max(Ny,..., Ng)},

we have qr N (%) = exp(Grn(2)/Fn(2)) € Z[[7]].

An outline of the proof of this theorem is given in Section 2, with details being filled in
in Sections 4-8.

3This equation is the Picard-Fuchs equation of the mirror Calabi-Yau family of a one parameter family
of Calabi—Yau complete intersections in a weighted projective space. See [8] and [13, Sec. 3].
4A multiset is a “set” where one allows repetitions of elements.
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To see that Theorem 1 implies Conjecture 2, we observe that, by (1.4), Z?Zl Hy, (m) is
a finite sum of terms of the form AHy,,, where A\ and L are integers with

Le{l,2,...,max(Ny,...,Ng)}.

Thus, 2z 'qn(z) is a product of series q;n(2), each one raised to an integer power. It
follows that Conjecture 2 implies Theorem 1, as claimed.

1.3. Stronger integrality properties in special cases. Let Ny, Ny, ..., N be given
positive integers (not necessarily distinct). In the setting of Section 1.2 with k replaced
by k- (d(Ny) +d(Ng) + - - + d(Ng)), d(N) again denoting the number of positive divisors
of N, we consider the special case where the vector N can be partitioned into & blocks,
the j-th block consisting of all the positive divisors of N;, j = 1,2,...,k. It can be seen
(cf. [31, paragraph above Theorem 2]) that the functions Fn(2), Gn(z) and G n(2) then
simplify to

I1 (ij_>!)zm, (1.7)

I1 (ij_>!)zm, (1.8)

4

respectively. In order to simplify notation, for the remainder of this subsection we “re-
define” N by letting N = (Ny, Ny, ..., Ny), and we denote the series in (1.6), (1.7),
and (1.8) respectively by Fn(z), Gn(2), and Gpn(2). Accordingly, we define gn(2) :=
zexp (Gn(2)/Fn(2)) and qrn(z2) := exp (Grn(2)/Fn(2)).

For the mirror map q(v)(z) arising for k& = 1, physicists made the observation that,
apparently,

_ 1/N
(v 7la(2)) " € Z[[2]). (1.9)
This was proved by Lian and Yau [22] for any prime number N, thus strengthening their
result from [20] mentioned after Conjecture 1. The observation (1.9) leads naturally to the

more general question of determining the largest integer V' such that (zflq(z))l/ Ve z[[7]]
for the mirror map ¢(z) = g(n)(2) in (1.9) or other mirror maps. (°) While we are not able
to give a precise answer, we shall prove the following result for a large class of mirror maps
which, as we explain in [16], comes very close to being optimal for this class.

Let g(z) be a given power series in Z[[z]], and let V be the largest integer with the property that
q(2)"V € Z][[2]]. Then V carries complete information about all integers with that property: namely, the
set of integers U with ¢(2)'/V € Z[[2]] consists of all divisors of V. Indeed, it is clear that all divisors of V/
belong to this set. Moreover, if U; and Uz belong to this set, then also lem(Uy, Uz) does (cf. [12, Lemma 5]
for a simple proof based on Bézout’s lemma).
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Theorem 2. For any integers Ny,..., N, > 1, let Mn = Hle N;!.  Furthermore, let
©p = L/ ged(L!, L' Hy) be the denominator of H; when written as a reduced fraction.
©

Then, for all L € {1,2,...,max(Ny,..., Ny)}, we have qL,N(z)f‘}ié € Z[[7]].

Remarks. (a) For any integer s > 1, we have qL7N(z)1/S =1+ s 'MnxHpz + O(2%), and
hence Theorem 2 is optimal when L = 1. This is not necessarily the case for other values
of L and, in particular, Theorem 2 can be improved when L = Ny = --- = Nj. See [16] for
such results.

(b) It is natural to expect refinements of Theorem 1 in the spirit of Theorem 2. We
did not make a systematic research in this direction, but it could be interesting to do so.
For example, in the case k = 1 and N = (6), it seems that the following relations are
best possible: qy 6)(2)Y%, qa.6)(2)Y°, ds.6)(2)?, du(6)(2), ds,6)(2) and qe ) (2) are in
Z[[z]]. As a first step towards such refinements, we prove in Lemma 14 in Section 5 that
Bn (1) always divides By(m) for any m > 1 and any N, where Bn(m) := H?Zl By, (m).
Our techniques enable us to deduce that q;n(2)/B~1 € Z[[z]] (cf. Remark 1 in Sec-
tion 2), which proves the above assertion that gy )(2)"/%° € Z[[z]]. This is optimal because
ain(z) =14 Bn(1)z + O(2?). It turns out that Bn(1) is a natural generalisation of the
quantity My which appears in Theorem 2. However, for larger values of the parameter L,

we do not know what the analogue of the quantity Mn/O appearing in Theorem 2 would
be.

An outline of the proof of Theorem 2 is given in Section 3, with details being filled in in
Sections 9-10.
Due to the equation

A, (2) = 2an v, (2) N @ (2) T, (1.10)
(with k occurrences of N in (N, ..., N)), Theorem 2 has the following consequence for the
mirror map qv,...,n)(z), thus improving significantly upon (1.9).

Corollary 1. For all integers k > 1 and N > 1, we have

1 i
(=7 .. (2)) ¥ € Z[[2]].

Remarks. (a) In particular, in the emblematic case of the mirror map ¢(s)(z) of the quintic
(case N =5, k = 1), we obtain that (z_lq(5)(z))l/10 € Z[[#]], which improves on (1.9) by
a factor of 2.

(b) Also Corollary 1 can be improved. The corresponding result, which is optimal subject
to a widely believed conjecture on harmonic numbers, is very technical. We refer the reader
again to our article [16].

1.4. Method of proof. The basic idea is to transfer the original integrality assertions into
a p-adic framework (by means of Lemma 8), to a point where we can employ Dwork’s theory
of formal congruences. This theory seems to provide the most powerful tools available for
attacking integrality assertions of the type discussed in this paper. We recall the corner
stones of Dwork’s theory in Section 4.
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We draw the reader’s attention to the fact that, while the general line of our approach
follows that of previous authors (particularly [22]), there does arise a crucial difference
(other than just technical complications): the reduction and rearrangement of the sums
C(a + Kp) in Section 2, respectively C'(a + Kp) in Section 3, via the congruence (2.3)
requires a new reduction step, namely Lemma 1, respectively Lemma 5. In fact, the proofs
of these two lemmas form the most difficult parts of our paper. (In previous work, the use
of (2.3) sufficed because the corresponding authors restricted themselves to NV being prime
or a prime power.)

1.5. Related work and perspectives. One of the goals of the present paper is to high-
light number-theoretic phenomena in the context of mirror symmetry theory. Our analysis
is clearly on the number theory side. Nevertheless, we hope that our results contribute
to the clarification of such phenomena. On the other hand, it should not be hidden that
integrality phenomena should also have intrinsic significance, within mirror symmetry.
One such example is the (apparent) coincidence of coefficients in Yukawa couplings with
numbers of certain rational curves (cf. [11, 21]; see also the discussion in [28, p. 49]).

In the context of our results, it is possible to prove similar, but strictly weaker, statements
by means of methods of arithmetic geometry. This is the case for the preprint [29], which
is an elaborate version of [14]. The mirror maps that are considered in that paper comprise
ours. When both approaches apply simultaneously, our results in Theorems 1 and 2 are
stronger than Theorem 2 in [29, Sec. 1.3]. Indeed, we prove that certain mirror maps have
integral Taylor coefficients, while in [29] the weaker statement is proved that mirror maps
have Taylor coefficients in Z[1/n|, where n is an integer parameter of geometric origin
which is at least 2 (by assumption iii) just before Theorem 2 in [29]).

We also want to point out that the range of application of Dwork’s ideas is not restricted
to p-adic functions in one variable. In [15], we extend Dwork’s theory as outlined in Sec-
tion 4 to several variables. As applications, we obtain integrality properties of mirror maps
in several variables arising in the context of the very general multivariable mirror maps
coming from the Gelfand—Kapranov—Zelevinsky hypergeometric series (see [5, Sec. 7.1], [13]
and [27, Sec. 8] for numerous examples related to Calabi-Yau manifolds which are complete
intersections in products of weighted projective spaces). As a by-product, by appropriate
specialisations, we are even able to prove (predicted) integrality of the Taylor coefficients
of some mirror maps in one variable that do not fall under the scope of the results of the
present paper, in particular many of those in the table presented in [1].

We therefore believe that Dwork’s methods provide valuable insight in integrality prop-
erties of mirror maps. Since the power and range of applicability of these methods have
apparently not yet been exhausted, their development should be further pursued. In par-
ticular, we hope to be able to test them against the difficult number-theoretical problems
raised by Yukawa couplings.

Finally, we point out that the quantity By(m) defined in (1.3), which is the crucial
building block for the series Fn(2), Gn(z2), and Gz n(z), is in fact an integer for all N and
m. This follows from the criterion [17] of Landau, which, applied to our case, says that,
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for a fixed N, By(m) is integral for all m if and only if

I

D ezl =) [Bx] >0

Jj=1 Jj=1

for all non-negative real numbers x. Indeed, the above quantity is exactly the quantity
A(z) defined in Lemma 12 in Section 5, which plays a crucial role in the proof of Lemma 1
in Section 6, and, thus, in the proof of Theorem 1. More precisely, amongst its properties,
we use many times the fact that it is weakly increasing on [0,1). We point out that
such “Landau functions” were introduced in the theory of mirror symmetry of Calabi-
Yau threefolds by Rodriguez-Villegas [25], who used them to prove that there are exactly
14 hypergeometric functions whose coefficients can be written as integral quotients of
factorials (after rescaling the variable z to C'z for some C') and with the MUM property at
the origin. In [26], he also used Landau functions to characterise algebraic hypergeometric
series whose coefficients can be written as integral quotients of factorials after rescaling:
using the theory of Beukers and Heckman [6], he proved that such series are algebraic if and
only if A(z) € {0,1}. Of course, it is not always possible to write the Taylor coefficients
of a hypergeometric series as quotients of factorials.

It can be proved that amongst hypergeometric series whose Taylor coefficients are in-
tegral quotients of factorials, the weak increase of the associated Landau function A is
equivalent to the MUM property. This is a consequence of more general results of Eric
Delaygue, in a thesis currently written under the supervision of the second author. Thus,
from the point of view of mirror symmetry where the MUM property is essential, our The-
orem 1 is best possible in that class of hypergeometric series. The question then naturally
arises which properties the Landau function A must have such that the mirror map for-
mally associated to it (by forming functions analogous to Fn and Gy) has integral Taylor
coefficients (even when a mirror symmetry interpretation is not available; for example,
when the MUM property does not hold). We believe that the following statement is true:
the formal mirror map has integral Taylor coefficients if and only if A(x), defined on [0, 1),
remains > 1 after its first jump from 0. New ideas are necessary to solve this problem
because the approach used in this paper does not work in this more general setting; indeed
there are counterexamples to almost all our lemmas when A is not weakly increasing. This
is currently under investigation by Eric Delaygue.

1.6. Structure of the paper. We now briefly review the organisation of the rest of the
paper.

The proofs of our theorems being highly complex, we start with brief outlines of the
proofs of Theorems 1 and 2 in Sections 2 and 3, respectively. These outlines reduce the
proofs to a certain number of lemmas. The reduction is heavily based on Dwork’s theory of
formal congruences, the relevant pieces of which being recalled in Section 4. The lemmas
which are necessary for the proof of Theorem 1 are subsequently established in Sections 5-8,
while those necessary for the proof of Theorem 2 are established in Sections 9-10.



2. OUTLINE OF THE PROOF OF THEOREM 1

In this section, we provide a brief outline of the proof of Theorem 1. As we already said
in the introduction, the proof follows the p-adic approach pioneered by Dwork [9, 10], of
which we review its corner stones in Section 4. We show that this approach allows us to
reduce the proof of Theorem 1 to Lemmas 1-3. These lemmas are subsequently proved in
Sections 6-8, with four auxiliary lemmas being the subject of Section 5.

By Dwork’s Lemma given in Section 4 (or rather its consequence given in Lemma 10),
we want to prove that

Fn(2)GLn(2") = pPEN(2")GLn(2) € p2Zy[[2]].
The (a + Kp)-th Taylor coefficient of Fn(2)Gn(2P) — pFn(2P)GLn(2) is

K
Cla+ Kp) :=> Bn(a+jp)Bn(K — j)(Hyx—j) — PHras1p). (2.1)
=0

where Bn(m) = Hle By, (m), the quantities By, (m) being defined in (1.3). In view of
Lemma 10, proving Theorem 1 is equivalent to proving that

C(a+ Kp) € pZ, (2.2)
for all primes p and non-negative integers a and K with 0 < a < p. Since

[J/p] J

1 1
Hy= Z — + -
=i =
pli
we have
pH; = H ;) mod pZ,. (2.3)

Applying this with J = La + Ljp, we get
PHiavrjp = Hpajp)+r; mod pZ,.
This implies that

K

Cla+ Kp) =Y Bn(a+jp)Bn(K = j)(Hicj) = Hirajpiir;) mod pZ,. — (24)
=0

We now want to transform the sum on the right-hand side of (2.4) to a more manageable
expression. In particular, we want to get rid of the floor function |La/p|. In order to
achieve this, we will prove the following lemma in Section 6.

Lemma 1. For any prime p, non-negative integers a and j with 0 < a < p, positive
integers N1, No, ..., Ny, and L € {1,2,...,max(Ny,...,Ni)}, we have

BN(a +pj) (HLj+LLa/pJ — HLj) € pr. (25)
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It follows from Eq. (2.4) and Lemma 1 that

K
C(a+ Kp)=> Bn(a+jp)Bn(K —j)<HL(K—j) - HLj) mod pZ,, ,

Jj=0

which can be rewritten as

K
Cla+ Kp) = — Z Hyp,; (BN(G +jp)BN(K —j) — Bn(j)Bn(a + (K — j)P)) mod pZy, .
§=0
(2.6)
We now use a combinatorial lemma due to Dwork (see [10, Lemma 4.2]) which provides
an alternative way to write the sum on the right-hand side of (2.6): namely, we have

'r'+175_1

>~ Hyy(B(a+ jp)Bu(K = ) = Bu()Bx(a+ (K= )p)) = > > Yoo (27)

=0
where 7 is such that K < p", and

Y, s = (Hmes — HLl_m/pJszrl)S(a, K, s,p,m),
the expression S(a, K, s, p, m) being defined by

(m~+1)p°—1
S(a,K,s,p,m):= > (Bn(a+jp)Bn(K —j) — Bx(j)Bn(a+ (K — j)p)).

Jj=mp?*

In this expression for S(a, K, s, p, m), it is assumed that Bn(n) = 0 for negative integers n.
It would suffice to prove that

Y,.s € pZy (2.8)

for all m and s, because (2.6) and (2.7) would then imply that C(a+ Kp) € pZ,, as desired.

We will prove (2.8) in the following manner. The expression for S(a, K, s,p,m) is of the
form considered in Proposition 1 in Section 4. The proposition will enable us to prove the
following fact in Section 7.

Lemma 2. For all primes p and non-negative integers a,m, s, K with 0 < a < p, we have
S(a, K, s,p,m) € p" ' Bn(m)Zy.
Furthermore, in Section 8 we shall prove the following lemma.

Lemma 3. For all primes p, non-negative integers m, positive integers Ny, No, ..., N,
and L € {1,2,... ,max(Ny,..., Ny)}, we have
1
Bn(m) (Hemps — Hipm/pjps+1) € e L. (2.9)

It is clear that Lemmas 2 and 3 imply (2.8). This completes the outline of the proof of
Theorem 1.
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Remark 1. To prove the refinement announced at the end of the Introduction that
ain(2)YBND € Z[[2]], by Lemma 10 we should show that C(a + Kp) € pBn(1)Z, in-
stead of the weaker (2.2), which means to show that
K
C(a+ Kp)=> Bn(a+jp)BN(K — ) (Hyk—j) — Hirajpj+r;) mod pBn(1)Z, (2.10)

=0

instead of the weaker (2.4), that Bn(a + pj) (Hj+(a/p) — H;j) € pBn(1)Z, instead of (2.5)

J
(but this is trivial because Hj |/, — H; = 0), and that

Bn(1) 7

7

B (m) (Hpmps — Hijmyplpe+1) € (2.11)
instead of the weaker (2.9). To establish (2.10) one would apply the same type of argument
as the one establishing (3.3), however with Lemma 4 replaced by Lemma 14, the latter
lemma being proved in Section 5. To prove (2.11), Lemma 14 must be used in (8.2).

3. OUTLINE OF THE PROOF OF THEOREM 2

This section is devoted to an outline of the proof of Theorem 2, reducing it to Lemmas 5—
7. These lemmas are subsequently proved in Sections 9-10.

We follow the strategy that we used in Section 2 to prove Theorem 1; that is, by the
consequence of Dwork’s Lemma given in Lemma 10, we want to prove that

Fre(2)GLn(2") — pFn(2")Grn(z) € pa 22, [[2])

Or
The (a + Kp)-th Taylor coefficient of Fx(2)Grn(2P) — pFN(2P)GLn(2) is
K
Cla+ Kp):=> Bx(a+ jp)Bn(K — j)(Hik—j) — PHras1ip), (3.1)
=0
where Bn(m) = H?:l By, (m) with By(m) := (Z!”fv)! (not to be confused with By(m) and
By (m)). In view of Lemma 10, proving Theorem 2 is equivalent to proving that
M
Cla+ Kp) € p®—sz (3.2)
L

for all primes p and non-negative integers a and K with 0 < a < p.
The following simple lemma will be frequently used in the sequel.

Lemma 4. For all integers m > 1 and N > 1, we have
Bx(m) € NI Z.

Proof. Set Uy (N) = LM For any m, N > 1, we have the trivial relation

Jo0

Therefore, since U,,(1) = 1, the result follows by induction on N. O

Nm+m-—1

Um(N+1):( o
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We deduce in particular that Bn(m) € MNZ for any m > 1.
Using this together with (2.3) specialised to J = La + Ljp, we infer

K
Cla+ Kp) = Bnl(a+ jp)BN(K — j)(Hyk—j) — Hizajp)+1;) mod pMNZ,.  (3.3)
=0

Indeed, if K > 1 or a > 1, this is because a + jp and K — j cannot be simultaneously zero
and therefore at least one of Bn(a + jp) or BN(K — j) is divisible by My by Lemma 4.
In the remaining case K = a = j = 0, we note that the difference of harmonic numbers
in (3.3) is equal to 0, and therefore the congruence (3.3) holds trivially because C'(0) = 0.

The analogue of Lemma 1 in the present context, which allows us to get rid of the floor
function | La/p| and rearrange the sum over j, is the following lemma. The proof can be
found in Section 9.

Lemma 5. For any prime p, non-negative integers a and j with 0 < a < p, positive
integers N1, No, ..., Ng, and L € {1,2,... , max(Ny,..., Ng)}, we have

: M
Bx(a +pj) (Hij+ Lam) — Hij) € p@—jzp (3.4)

We now do the same rearrangements as those after Lemma 1 to conclude that

7‘+17571

rop
M
Cla+ Kp) = — Z Z Y,.s mod p@—ij,
s=0 m=0

where r is such that K < p", and
Yis = (Hmes — HLLm/pJpH»l)S(CL, K,s,p,m),
the expression S(a, K, s, p, m) being defined by

(m+1)p°—1
S(a’ K,S,p, m) = Z (BN(a+jp)BN(K _j) - BN(])BN(G+ (K _])p))

Jj=mp?*
In this expression for S(a, K, s,p,m), it is assumed that Bn(n) = 0 for negative integers n.

If we prove that

M,
Ym,s € p@_jz’pa (35)

then C'(a + Kp) € p]g—fzp, as desired.

Now, the last assertion follows from the following two lemmas. Lemma 6 is the special
case of Lemma 2 where the vector N is specialised in the way described at the beginning
of Section 1.3 (in which case the quantity Bn(m) of Lemma 2 reduces to Bn(m), and
hence S(a, K, s,p,m) to S(a, K, s,p,m)). On the other hand, Lemma 7 is the analogue of

Lemma 3. Its proof can be found in Section 10.
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Lemma 6. For all primes p and non-negative integers a,m, s, K with 0 < a < p, we have
S(a, K,s,p,m) € p**' Bn(m)Z,. (3.6)
Lemma 7. For all primes p, non-negative integers m, positive integers Ny, No, ..., N,
and L € {1,2,... ,max(Ny,..., Ny)}, we have
Mn
€E ——7, .
pOL "
It is clear that (3.6) and (3.7) imply (3.5). This completes the outline of the proof of
Theorem 2.

BN(m) (Hmes — HLLm/pJPSle) (37)

4. DWORK’S THEORY OF FORMAL CONGRUENCES

In this section, we review those aspects of Dwork’s theory on which the arguments of
the proofs of Theorems 1 and 2 (see Sections 2 and 3) are based.

First, consider a formal power series S(z) € Q[[z]] and suppose that we want to prove

that S(z) € Z[[2]].

Lemma 8. Let S(z) be a power series in Q[[z]]. If S(z) € Zy[[z]] for any prime number
p, then S(z) € Z][[z]].

This is a consequence of the fact that, given x € Q, we have x € Z if and only if x € Z,
for all prime numbers p. Hence we can work in QQ, for any fixed prime p.

Lemma 9 (“DWORK’S LEMMA”). Let S(z) € 1+ 2Qy[[z]]. Then, we have S(z) € 1 +
2Zp[2]] if and only if

S(zP)

S(2) € 1+ p2Z,y[[#]].
Proof. The proof is neither difficult nor long and can for example be found in the book of
Lang [18, Ch. 14, p. 76]. Lang attributes this lemma to Dieudonné and Dwork. O

We now suppose that S(z) = exp(7'(z)/7) for some T'(z) € 2Q[[z]] and some integer
7 > 1. Dwork’s Lemma implies the following result: 7 being any fixed positive integer,
we have exp (T'(z)/7) € 1+ 2Z,[[z]] if and only if T'(2*) — pT'(z) € przZ,[[2]]. (See [20,
Corollary 6.7] for a proof.) Since we will be interested in the case when T'(z) = g(2)/f(2)
with f(z) € 1+ 2Z[[z]] and ¢(z) € 2Q][z]], we state this result as follows.

Lemma 10. Given two formal power series f(z) € 1+ 2Z[[z]] and g(z) € 2Q[[2]] and an
integer 7 > 1, we have exp (g(2)/(7f(2))) € 1+ 2Z,[[]] if and only if

f(2)g(2?) —p f(2P)g(2) € przZy][=]]. (4.1)

Because of the special form of the functions which will play the role of f(z) and g(z), we
will be able to deduce (4.1) from the following crucial result, also due to Dwork (see [10,
Theorem 1.1]).
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Proposition 1 (“DWORK’S FORMAL CONGRUENCES THEOREM”). Let A : Zzo — Q)
g Zso — Z, \ {0} be mappings such that

() [AO)], = 1;

(i1) A(m) € g(m)Z,;

(1ii) for all integers u,v,m,s > 0 such that 0 <u < p* and 0 < v < p, we have

A t+up+np™)  Alwtnp®) _ oy g(0n)

Awrw)  Aw Y gl 2
Furthermore, let F(z) =Y~ A(m)z™, and
(m+1)p°—1
Fs(z) = Z A(J)Z]
Jj=mp?
Then, for any integers m,s > 0, we have
F(2P)Frys41(2) = F(2)Fps(2F) € p*g(m)Z,[]], (4.3)
or, equivalently,
(m+1)p*—1
> (Ala+jpA(K — j) — A(j)Ala+ (K — j)p)) € p*g(m)Z, (4.4)
J=mp?*

for all a and K with 0 < a <p and K > 0.

Remarks. (a) Dwork’s original theorem is in fact more general in that it contains families
of functions A, and g,, r = 0,1,2,..., (which are all equal to A, respectively to ¢, in
the above specialisation). Moreover, Dwork proved his theorem with A, : Zsy — CJ,
Gr : Zso — O, \ {0} and A, (m) € g,(m)O, (where O, is the ring of integers in C,). He
obtained a result similar to (4.3) and (4.4), with O, instead of Z,. In our more restrictive
setting, (4.3) and (4.4) hold because (p*™g(m)0,) N Q, = p**'g(m)Z,.

(b) For any integers a and K with 0 < a < p and K > 0, the sum

(m+1)ps—1
Y (Ala+jp)A(K - j) — A(G)A(a + (K = j)p)) (4.5)
Jj=mp?*
is exactly the (a 4+ pK)-th Taylor coefficient of F'(2P)F,, s41(2) — F(2)Fn s(2P), which ex-
plains the equivalence between the formal congruence (4.3) and the congruence (4.4). Note
that in (4.5) the value of A at negative integers must be taken as 0.

(c) Most authors chose g(m) = 1 or a constant in m. We will use instead g(m) = A(m):
this choice has already been made by Dwork in [9, Sec. 2, p. 37].

(d) Dwork also applied his methods to the problems considered in the present paper.
Indeed, he proved a result, namely [10, p. 311, Theorem 4.1], which implies that for any
prime p that does not divide Ny Ny - - - N, the mirror maps qn(z) have Taylor coefficients
in Z, (see [31, Proposition 2] for details). This fact was used by the authors of [19, 20, 31|
who focussed essentially on the remaining case when p divides N; Ny - - - Nj.. Our approach
is different, for we make no distinction of this kind between prime numbers.



15

During the proofs of Lemma 2 in Section 7, we will also use certain properties of the
p-adic gamma function I'y. This function is defined on integers n > 1 by

n—1
Ly(n)=(-1" [] *
(kp)=1

We will not consider its extension to Q,. In the following lemma, we collect the results on
I', that we shall need later on.

Lemma 11. (i) For all integers n > 1, we have

np)! n "
% = (=1)"*"p Ty (1 4 np).

(17) For all integers k > 1,n > 1,8 > 0, we have
Lp(k+np®) =T,(k) mod p°.
Proof. See [31, Lemma 7] for (i) and [18, p. 71, Lemma 1.1] for (7). O

5. AUXILIARY LEMMAS

In this section, we establish three auxiliary results. The first one, Lemma 12, is required
for the proof of Lemma 1 in Section 6, while the second one, Lemma 13, is required for the
proof of Lemma 2 in Section 7. The third result, Lemma 14, justifies an assertion made in
the Introduction (see item (b) in the remarks after Theorem 2). Moreover, the proofs of
Lemmas 13 and 14 make themselves use of Lemma 12.

Lemma 12. For any integer N > 1 with associated parameters o, 3;, i, m, the function
p U
A(z) = Z Loz | — Z | Bix]
i=1 i=1
has the following properties:
(1) A is 1-periodic. In particular, A(n) =0 for all integers n.
(12) For all integers n, A is weakly increasing on intervals of the form [n,n + 1).
(i13) For all real numbers x, we have A(x) > 0.
)

(tv) For all rational numbers r # 0 whose denominator is an element of {2,3,..., N},
we have A(r) > 1.

Remark. Clearly, the function A is a step function. The proof below shows that, in fact,
all the jumps of A at non-integral places have the value +1 and occur exactly at rational
numbers of the form r/N, with r coprime to N.

Proof. Property (i) follows from the equality > %, o; = >7 | (3 and the trivial fact that
A(0) = 0.
We turn our attention to property (ii). For convenience of notation, let

N = pilpSQ .. _pzz
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be the prime factorisation of N, where, as before, p1, pa, . .., pe are the distinct prime factors
of N, and where eq,e,, ..., e, are positive integers.

As we already observed in the remark above, the function A is a step function. Moreover,
jumps of A can only occur at values of x where some of the o;x, 1 < i < p, or some of the
Bjx, 1 < j <mn, (or both) are integers. At these values of z, the value of a (possible) jump
is the difference between the number of i’s for which «;z is integral and the number of j's
for which B;x is integral. In symbols, the value of the jump is

#{i:1<i<pand oz € Z} —#{j: 1 <j <nand Bz € Z}. (5.1)
Let X be the place of a jump, X not being an integer. Then we can write X as
Z
X = f1,.f2 fe?
b1 Py Py
where f1, fo, ..., fo are non-negative integers, not all zero, and where 7 is a non-zero integer

relatively prime to p{l p§2 e p{e. Given

ay . az ayp

Oy =P1 P Dy

with e; +ea+---+e,— (a1 +as+---+ag) evenand 0 < e —ap < 1foreach k =1,2,... ¢,
the number «; X will be integral if and only if a, > fi, for all k € {1,2,...,¢}. Similarly,
given
B = py'os -y

with e +ea+-+-4+e,—(by+ba+---+0b) odd and 0 < e — b, < 1foreach k=1,2,... ¢,
the number ;X will be integral if and only if by > f, for all k € {1,2,...,¢}. We do not
have to take into account the (3;’s which are 1, because 1 - X = X is not an integer by
assumption. For the generating function of vectors (cy,co,...,c,) with e > ¢, > fi and
er — ¢ < 1, we have

E . E sertter—(eitter)

ci=max{e1—1,f1} ce=max{e;—1,f¢} k

We obtain the difference in (5.1) (with X in place of x) by putting z = —1 on the left-hand
side of this relation. The product on the right-hand side tells us that this difference is 0 in
case that ey # fi. for some k, while it is 1 otherwise. Thus, all the jumps of the function
A at non-integral places have the value +1.

Property (#ii) follows now easily from (i) and (ii).

In order to prove (iv), we observe that the first jump of A in the interval [0, 1) occurs
at = 1/N. Thus, A(z) > 1 for all z in [1/N, 1). This implies in particular that A(r) > 1
for all the above rational numbers 7 in the interval [1/N, 1). That the same assertion holds
in fact for all the above rational numbers r (not necessarily restricted to [1/N, 1)) follows
now from the 1-periodicity of the function A.

(1+ z-min{l, e, — fr}).

el 7 l
=1

Lemma 13. For any integers m,r,w > 0 such that 0 < w < p", we have

Bn(w + mp") c7

BT . (5.2)
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where Bn(m) is the quantity defined after (2.1).
Proof. We first show that we can assume that m is coprime to p. Indeed, let us write
m = hp' with ged(h, p) = 1. We have to prove that
BN(w + hprth)
B (hp')
Since v, (Bn(hp')/Bn(h)) = 0 (as can be easily seen from (1.3) and Legendre’s formula
vp(nl) =700, [5%]), this amounts to prove that

€7,

B (w h T+t
N(w + hp™) € Z,,
Bn(h)
which is the content of the lemma with r + ¢ instead of r and h instead of m, with
w < pr < pr-i-t'
Therefore, from now on, we assume that ged(m,p) = (however this assumption will

only be used after (5.5)). Since v, (BN(mp’”)/BN(m)) , we have to prove that

or, in an equivalent form, that

S (S]] - S
- (NZ ri’;TprJ _"Zl {%J )) >0, (5.3)

=1

where o 5, 3; j, itj,1; are the parameters associated to Nj.
If ¢ <r, then for any j € {1,2,...,k},

1 T i B mp” < =
3 e R Y
i=1 i=1

i=1 p =1

Moreover,

i A 3 .. A
Z \‘ai,j(w "; mp )J . Z \‘ﬁl,j(w —L_ mp )J > 0
i=1 p i=1 p
because of Lemma 12(4i7) with N = N;. It therefore suffices to show

i 5 ((Z {ai,ijmp?‘) J —Z Vm; my") J)

j=1 t=r+1 i=1 p i=1

(Bl £ [])) 0 o0
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(The reader should note the difference to (5.3) occurring in the summation bounds for ¢.)

For ( > r, set zy = {mp"/p’} and y, = {(w+mp")/p’}. Using again > 7, a; ;i —> ", Bi; =
0, we see that the left-hand side of (5.4) is equal to

;Zil ((:Z]l Lo jye — ;ZJI 13i.5ye] ) - (:Z]l L o] — ;ZJI | Bi.je] )) (5.5)

We now claim that z, < y, for £ > r. To see this, we begin by the observation that,
since m and p are coprime and ¢ > r, the rational number m/p‘~" is not an integer. It

follows that
1 m 1
xf—’_pz—r:{ }+ Sl

pﬁ—r pﬁ—r
Hence, since w < p", we infer that
w
Ty + —- < 1.
p

On the other hand, we have

w m w w
Yp = 7+ - +Xpp = —e—|—$g :7+$g.
p p p p

Since w > 0, we obtain indeed y, > x4, as we claimed.
Using xy < y, together with Lemma 12(i7), we see that, for £ > r and j =1,2,...k, we
have

Mg N5 nj

> lewguel =Y [Biguel = Zj ligae] = > |Bijwe] |

=1 =1 =1

which shows that the expression in (5.5) is non-negative, thus establishing (5.4) and also
(5.3). This finishes the proof of the lemma. U

We conclude this section with a result which was announced in item (b) of the remarks
after Theorem 2. It is used nowhere else, but we give it here for the sake of completeness.
It is a generalisation of Lemma 4. By the same techniques used to prove Theorem 2, it
enables one to prove that q; n(2)YBN1 € Z[[2]] (see Remark 1 in Section 2).

Lemma 14. For any vector N and any integer m > 1, we have that By (1) divides Bn(m),
where Bn(m) is the quantity defined after (2.1).

Proof. Obviously, it is sufficient to prove the assertion for £ = 1 and N = (N). Let A
be the function associated to N as defined in Lemma 12. We want to prove that, for any
prime p, we have v,(By(m)) > v,(Bn(1)). We can assume that m and p are coprime
because v,(Bx(mp')) = v,(Bx(m)) for any integers m,t > 0.
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Now, when ged(m, p) = 1, we have that

v (By(m) = > Am/p) =3 A{m/p')
> Z A(1/p") = v,(By(1)).

~
Il

1

Here, we used the 1-periodicity of A for the second equality. For the inequality, we used
that {m/p’} > 1/p* (because gcd(m,p) = 1 implies that m/p’ is not an integer) and the
(partial) monotonicity of A described in Lemma 12(i7). O

6. PrROOF OF LEMMA 1

The assertion is trivially true if [La/p| = 0, that is, if 0 < a < p/L. We may hence
assume that p/L < a < p from now on.

We write & m, Bim, tm, and n,, for the parameters associated to N,,, m = 1,2,... k.
We may assume that, without loss of generality, max(Vy, ..., Ny) = Ni. Then, using again
Lemma 12(i17),

m=1 (=1 =1 p =1 p
[e'e] M k
i r(a+pj) Bikla+pj) |\ _ a+ jp
>3 (3| 3| Aalemi ) -y (1
=1 \i=1 i=1 =1
with
ik Tk
Ap(x) = loigz] = [Birz)
=1 =1
On the other hand, by definition of the harmonic numbers, we have
1 1 1
Hiiiirar — Hpi = R S
Litlte/) = ML = Ty T T Y T [ Tagp)
It therefore suffices to show that
vp(Bn(a +pj)) = 1+ uy(Lj +e) (6.1)

for any integer e such that 1 <e < |La/p|. We have

a+jp a—pe/L  pj+pe/L
. 7 + 7 :
p p p
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6.1. First step. We claim that

(1) (1)

To see this, we first observe that

Ak(a—l—jp> _ Ak(a—pe/L +pj+p5/L) _ Ak<a—];6/L N {pj+p5/L}>

P P P p P

because Ay is 1-periodic.
We now claim that

0< (6.3)

a—pe/L  +pe/L
pg/ + {p /TP / }< 1.
p p

Indeed, positivity is clear and we now concentrate on the upper bound. We write j =
up™ 4+ v with 0 < v < p*~!. Hence,

pj+pe/L) pv+ps/L) [ v  pe/L
B R

Since 0 < e < |La/p| < L, we have 0 < % < 1/p*! and therefore

v e/L v 1

1T e /z <—gatog sl
p p p p
(where the last inequality holds by definition of v), whence

pj+ps/L) _ pv+pe/L
P ot

Therefore, we have

a—pe/L pj+pe/L a—pe/L  pv+pe/L  a v
¢ + ] - ¢ + ‘ - —1°
p p p p p p

Since =+ < 1 and a < p, we necessarily have
p

AL |
pf pffl ’

as desired.
Since “=E/L > 0, it follows from Lemma 12(i),(ii) (with A = A) and (6.3) that

(e ) (25 o ()

Thus, we have proved the claim (6.2) made at the beginning of this step.
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6.2. Second step. Let us write Lj + & = 3p¢, where d = v,(Lj + ¢€), so that
pj+pe/L pptttt
P L -
We have proved in the first step that

ﬁpdﬂ_e) . (6.4)

vp(Bn(a +pj)) > ZAk( 7
=1

Now we claim that Bp?*'=‘/L cannot be an integer. Indeed, if it were, then Lyp*~! =
Bp? = Lj + € for a suitable integer . It would follow that L divides e, contradicting
1 <& < La/p < L. Furthermore, for £ < d + 1, the denominator of 6’)‘1217[ is obviously
at most L. Since L < N, it follows then from Lemma 12(iv), again with A = Ay, that
AR(Bp™1t/L) > 1 for any £ in {1,2,...,d + 1}. Use of this estimation in (6.4) gives

v,(Bn(a+pj)) >d+1=1+uv,(Lj+e).

This completes the proof of (6.1) and, hence, of Lemma 1.

7. PROOF OF LEMMA 2

We want to use Proposition 1 with A(m) = g(m) = Bn(m). Clearly, the proposition
would imply that S(a, K, s,p,m) € p*"'Bn(m)Z,, and, thus, the claim. So, we need to
verify the conditions (i)—(ii7) in the statement of the proposition.

Condition (4) is true since Bn(0) = 1. Condition (4¢) holds by the definitions of A(m) and
g(m). To check that Condition (7ii) holds is more involved. The proof will be decomposed
in three steps. The reader should recall that

Bn(m) := H By, (m),

where By, (m) is given by (1.3), or, alternativaly (cf. [31, Lemma 4], respectively (11.1)
below) as

©(N;)
m (’I“ 74/Nl)m
BNj (m) = CN]- H MT'J, (71)
=1 )

where Cy; and the ry;’s are defined as in Subsection 1.2. Expression (7.1) will be useful
in the first step below, while the direct use of Expression (1.3) would lead to much more
involved computations.

7.1. First step. Let us fix j € {1,2,...,k}. We set Dy, := N{‘p(Nj)CN]., which is an
integer.
We claim that

By, (v+up+np™) By, (v+up)
By, (up + npst1) By, (up)

+O(p*t), (7.2)
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where O(R) denotes an element of RZ,. To prove (7.2), we observe that (°)

. N, . 5
By, (v+up+np™h) _ Dy, T2 TI (rey + (i — DN + ulNjp + nN;p*H)
BN]» (Up + nps+1) ((’U + up + npSH)(v -1 + up + nps—i—l) .. (1 + up + np5+1))80(Nj)7

(7.3)

(D}J\/j foj) H:=1 (re,j + (i — 1)Nj + uij)> + O<ps+1)
((U + Up)(v -1+ up) .. (1 + up))w(Nj) i O(pS-H) .

If v =0, then (7.2) holds trivially. If v > 0, then, together with the hypothesis v < p,
we infer that (v 4+ up)(v — 1 4 up) - -- (1 + up) is not divisible by p, and thus we have

1
((v +up)(v—1+up)---(1+ up))W(Nj) + O(pst1)

1
B O s+1 )
(0 +up)(v —1+up) - (1 + up)) """ (1+00p™)

Hence,

(D}’vj [T T, (rey + (i — DN, +u ij)) L O
(v+up)(v—1+up)---(1+ up))SO(Nj) +O(p)
Dy TI TI, (e + (= 1N + ulip)
(v +up)(v —1+up) -+ (1 + up))cp(zvj)
O
(v +up)(v — 14 up) - (L+up))”

+

(N;)?

which proves (7.2) because

1
(v+up)(v—14up)---(1+ up) € Zy

(7.4)

and
v N; v y
DNj Hfz(l )Hizl (W,j + (@ —1)N; + Uij) _ By, (v + up)

(7.5)

OTdentities (7.3) and (7.5) are immediate consequences of the alternative form (7.1) of B N;- Zudilin
used them in his proof of the following stronger version of (7.2):
By, (v +up+np*™') By, (v+up)

By, (up + np**) By, (up)

However, for this, he assumes that p divides N; (see [31, Eq. (35)]). Here, we do not assume that p divides
N;, and therefore we obtain the weaker equality (7.2), which is fortunately enough for our purposes.

(1+0@(*th)).
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A side result of (7.5) (which was actually used to prove (7.2)) is that
By, (v + up) ez,
BNj (up)
We deduce from this fact and from (7.2) that

HBN (v + up + np*tt) _H<BNj(v+up) ) ) :ﬁ v+up Lo
o1 Baj(up+npsth) By, (up) = ’

j=1
or, in other words,

Bn(v+up +np*™)  Bn(v + up)
Bn(up + npst1) B (up)

7.2. Second step. Let us fix j € {1,2,... k:} The properties of I', imply that

O, (7.6)

e | El e, i
iy Tp(1 + aiup) + O(p*H)
- £, (1% fyup) + O 1) 9
i — I'p(1 + aijup) s+1
=(-1) T (L Buyup) (1+0(p™) (7.9)
. BN ( p) s+1
— —BNJ(U) (1 +O(p*th), (7.10)

where (i) of Lemma 11 is used to see (7.7) and (7.10), and (i) is used for (7.8). Equa-
tion (7.9) holds because I',(m) is never divisible by p for any integer m.
Hence, taking the product over j = 1,2,..., k, we obtain

By (up +np*t')  Bn(up) s+1
Bu(utnp)  Bu(w O TO0T) (7.11)

7.3. Third step. We now multiply the right-hand and left-hand sides of (7.6) and (7.11).
After simplification, we get
By(v+up+np*t')  Bn(v+up)
Bn(u + np?) ~ Bn(uw)
We can rewrite this as
Bn(v+up+np*™) — Bu(u+np®)

B (up)

BN<U> O(ps-i-l).

(1+0@(p™™) +

Bn(up) Bn(u + np?)

Batorw)  ~ Ba OB B 0
_ Bx(u+np®)  Bn(u+np®) st Bn(u + np®) o1
~ Bn(w Bni(u) O™+ B (v + up) o (7?2)

where the last line holds because v,(Bn(up)/Bn(u)) = 0.
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If we compare (4.2) (with A(m) = g(m) = Bn(m)) and (7.12), we see that it only
remains to prove that we have

B (u + np®) c Bn(n) Bn (u + np®) Bn(n)

Z, and . 7.13
B (u) Bn(v+up) ” Bn(v+up) ~ By(v+up) (7.13)
The first assertion in (7.13) can be rewritten as
Bn(u+np®) Bn(v 4+ up)
. € Ly, 7.14
Bu(n)  Ba(w (714)
while the second assertion can be rewritten as
Bn(u + np?®)
— = cZ,. 7.15

Now, the assertion (7.15) is the special case w = u, m = n and r = s of Lemma 13, while
(7.14) follows from (7.15) combined with the special case w = v, m = u and r = 1 of
Lemma 13.

This completes the proof of the lemma.

8. PrROOF OF LEMMA 3

The claim is trivially true if p divides m. We may therefore assume that p does not
divide m for the rest of the proof. Let us write m = a + pj, with 0 < a < p. Then
comparison with (2.5) shows that we are in a very similar situation here. Indeed, we may
derive (2.9) from Lemma 1. In order to see this, we observe that

Lap®

1
Hpmps — Himp|ps+1 = ; Lip=tl +¢
| La/p| Lap®
1 1
= , + e
5:21 Ljpst! + epstt s:zl Ljps+t+ e
pstie
1 Lap® 1
= F(HLj-i-LLa/pJ — Hp;) + ; Ljpstl 4+ ¢
p*tie

Because of v,(z 4+ y) > min{v,(x),v,(y)}, this implies

Up(Himps = Hpjmypjps+1) 2 min{ =1 — s + 0,(Hpj4 | Lajp) — Hij), —s}- (8.1)
It follows that

Up (BN(m)(Hmes - HLLm/pJpS“))

> —1 — s+ min {vp(BN(a +pj)(Hrjv|Lasp) — Hrj)), 1+ vy(Bn(a +pj))} . (8.2)

Use of Lemma 1 then completes the proof.
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9. PROOF OF LEMMA 5

We follow the same approach as the one of the proof of Lemma 1 in Section 6. In partic-
ular, the first part below is completely parallel to the proof of Lemma 1. We nevertheless
include it here for the sake of readability and for later reference. On the other hand, since
Lemma 5 makes a stronger divisibility assertion then Lemma 1, much more work is needed
to arrive there: the corresponding arguments form the contents of the second and third
part of this proof.

We start again by observing that the assertion (3.4) is trivially true if | La/p| = 0, that
is, if 0 < a < p/L. We may hence assume that p/L < a < p from now on. A further
assumption upon which we agree without loss of generality for the rest of the proof is that
N = max(Ny, ..., Ng).

9.1. First part: a weak version of Lemma 5. In a first step, we prove that

Br(a+pj) (Hejs(zasp) — Hij) € DLy - (9.1)
(The reader should note the absence of the term My /Oy in comparison with (3.4).)
For the proof of (9.1), we note that the p-adic valuation of Bn(a + pj) is equal to

e £ (|2 |22

=1 (=1

Obviously, all the summands in this sum are non-negative, whence, in particular,

vp(Bx(a+pj)) > i QMJ — N, V *ij. (9.2)

— p D

On the other hand, by definition of the harmonic numbers, we have

1 1 1
Hiiiiram — Hpi = — , e —
brtdelel =B = TR T e T T I [Lafp)
It therefore suffices to show that
1)) > ] . .
vABNw+mﬁ)_1+i§§gmeLJ+@ (9-3)

The lower bound on the right-hand side of (9.2) can, in fact, be simplified since 0 < a < p;

namely, we have
a+pj J
{ % J - LWJ ' 04

For a given integer ¢ with 1 < e < |La/p], let Lj + & = pB, where d = v,(Lj + ¢€). If
we use this notation in (9.2), together with (9.4), we obtain

. (| Na  Neg  NB gl e B
vp(Bn(a + pj)) > Z ({ plz - Lpl;ﬂ + Z P zJ A {_m + Zpd-i-l EJ) '
=1

(9.5)
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Since € < |La/p], we have % — L]Zé“fl > 0, whence
Nia Nie Nkl g1y N ap1-e
- > | /= . 9.6
Clearly, we also have
€ B ari-e B ari-e
R < | = ) 9.7
{ Lyt LP J B {Lp 67)

If we use (9.6) and (9.7) in (9.5), then we obtain

vp(Bn(a+pj)) > i QNT’“ﬁpd“—fJ — Ny Epdﬂ—éb . (9.8)

/=1

By the same argument as the one that we used in the second step of the proof of Lemma 1 in

ﬁpdzlJ is not an integer. However, the fact that Bpdt!1—* /L

Section 6, the rational number
is not an integer entails that

/f d+1—¢ /C d+1-¢ 1
L — | = >
[ p i p =7

as long as ¢ < d + 1. Multiplication of both sides of this inequality by N, leads to the
chain of inequalities

N, N,
kﬁpd-i—l—ﬂ ~ N, {épdﬂ—zJ > Yk >1

L L - -
(it is here where we use the assumption L < Ny = max(Ny,..., Ny)), whence
Nel gi14 B ar1-e
e N | 2t >

provided ¢ < d + 1. Use of this estimation in (9.8) gives
vp(Bu(a+pj)) > d+1=1+u,(Lj +e).
This completes the proof of (9.3), and, hence, of (9.1).
For later use, we record that we have in particular shown that for any

D <1 L
=4t 1<e2\La/p) vl +e)

ED:QMJ _ N, Viij) >D-1. (9.9)

—2 b D

we have

We now embark on the proof of (3.4) itself.
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9.2. Second part: the case j = 0. In this case, we want to prove that

M,
B (a)H 1oy € p—@sz , (9.10)
L
or, using (2.3) (in the other direction), equivalently
M
Bn(a)Hp, € =217, (9.11)
O

The reader should keep in mind that we still assume that p/L < a < p, so that, in
particular, a > 0.

If p > Ny = max(Ny,...,Ng), then our claim, in the form (9.10), reduces to
Bn(a)H|Lajp) € pZyp, which is indeed true because of (9.1) with j = 0.

Now let p < Nj. By Lemma 4 and the definition of ©, our claim, this time in the form
(9.11), holds for a = 1. So, let a > 2 from now on.

In a similar way as we did for the expression in (9.1), we bound the p-adic valuation of
the expression in (9.11) from below:

vy (Bx(a) Hya) = i 3 QNQ“J — N, L%D + 0, (Ha)

i Nia
>33 | 5| - fog, 2af
=1 = L P
>S50 |2 - e, )
im1 = L P
o) -1 oo
2N 2N, 2N;
> |2 B |5 - sz -
p = L P im1 =1 L P
N — | N;
> {—kJ +3 {7J — |log, L] — 1 (9.12)
p im1 =1 LP
k
> max {1, L/p|} + ) v,(Ni!) = |log, L] — 1. (9.13)
If p = 2, then we can continue the estimation (9.13) as
k
U2 ( HLa ZUQ 10g2 LJ = UQ(MN/@L), (9.14)
=1
where we used the simple fact vo(Hp) = — |log, L] to obtain the equality. (In fact, at

this point it was not necessary to consider the case p = 2 because a < p and because we
assumed a > 2. However, we shall re-use the present estimations later in the third part of
the current proof, in a context where a = 1 is allowed.)
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From now on let p > 3. We use the fact that
x> |log, x| 42 (9.15)
for all integers x > 2 and primes p > 3. Thus, in the case that L > 2p, the estimation
(9.13) can be continued as
k k
v (Bn(a)Hpa) > 1+ [log, |L/p)| + > v(Nih) = [log, L| > v,(N!) = v,(Mx),
i=1 i=1

implying (9.11) in this case. If p < L < 2p, then the estimation (9.13) can be continued as

v (Bn(a)Hpa) > 14> v,(Nil) = 2 = v,(Mn/Op),

i=1
implying (9.11) in this case also. Finally, if L < p, it follows from (9.13) that

vy (Br(a)Hpa) > 14> v,(Ni!) — 1 = v,( M),

i=1
implying (9.11) also in this final case. Thus, (9.10) is established.

9.3. Third part: the case j > 0. Now let j > 0. If p > N, = max(Ny,..., Ny), then
(3.4) reduces to

Bx(a+ pj) (Hrjy e — Hij) € P2y ,
which is again true because of (9.1).

Now let p < Nj. The reader should keep in mind that we still assume that p/L < a < p,
so that, in particular, a > 0. In a similar way as we did for the expression in (9.1), we bound
the p-adic valuation of the expression in (3.4) from below. For the sake of convenience,
we write Ty for maxi<.<|ra/p) Up(Lj + €) and Ty for |log,(a + pj)|. Since it is somewhat
hidden where our assumption j > 0 enters the subsequent considerations, we point out to
the reader that 5 > 0 implies that 7, > 1; without this property the split of the sum over
¢ into subsums in the chain of inequalities below would be impossible. So, using the above
notation, we have (the detailed explanations for the various steps are given immediately
after the following chain of estimations)

Up (BN(G +07) (Hijt o) — Huj) )

k 0o . .
Ni(a + pj) a+pj
Z Q— - N; o + v (HLjs (Lajp) — Hij)
=1

¢
i=1 p

min{1+T1 ,Tz}

) 152 (2 )

(=2

B (P52 nl)

@:min{1+Tl ,T2}+1




29

k—1 oo .
n Z a+p]) _N atpj + v, (Hyy — Hpy)
LT p\HLj+|La/p] Lj

=1 (=1
N |
SR RS o D (L2 B[Rty
= p - i=1 ¢=Thr+1 p p
+ U (HLjt Lasp) — Hij) (9.16)
Nia .
> Tk + 17 + Up(HLjﬂLa/pJ — HLj) + min{0,7, — 171 — 1}

3 B s e

=1 o= I_logp a+pj J—H

v

log a+pj
i=1 =1 o(otri)]

> max {1, | L/p|} + [log,(a+ pj)] — |log, (Lj + LLa/pJ)J 1

s S { i, atp J (9.19)

== Pt leogp (a+pj) |

max {1, |L/p]} + min{0, T5 — T1—1}+ZZ{ a+pj J (9.18)

> max {1, [L/p|} + |log, j| — |log, (Lj + |La/p])| + ZZ { J (9.20)

i=1 (=1

> max {1, [L/p|} + |log, j| — |log, L| — {mgp (j + Z[La/p >J —1

k

+) (Vi) (9.21)
i=1
> max {1, [L/p|} — [log, L| — 1+ v,(Mn). (9.22)
Here, we used (9.9) in order to get (9.16). To get (9.18), we used the inequalities
N, N,
{—WJ > {—J > max {1, [ L/p]} (9.23)
p p
and
T1 + Up(-HLjJrI_La/pJ — HLj) Z 0. (924)

To get (9.19), we used that
Ty —Ty — 1> |log,(a+ pj)| — |log, (Lj + |La/p])| — 1

and

log, (a + pj)| — |log, (Lj + |La/p|)| —1 = [log, j| — [log, (Lj + [La/p])| <0,
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so that
min{0, T, — Tt — 1} > |log,(a + pj)| — |log, (Lj + [La/p))| — 1. (9.25)
Next, to get (9.20), we used
ﬁ;. atpi | {EZJ (9.26)
P leogp(aﬂu)J | p
To get (9.21), we used
. o1
[log, (Lj + [La/p))]| < |log, L| + |log, (] + 17 LLa/pJ)J + 1. (9.27)

Finally, we used 1|La/p| <1 in order to get (9.22).
If we now repeat the arguments after (9.13), then we see that the estimation (9.22)
implies

Up (BN(CL +p]) (HLj—‘rLLa/pJ - HLj) ) > Vp (MN/®L> (928)

This almost proves (3.4), our lower bound on the p-adic valuation of the number in (3.4)
is just by 1 too low.

In order to establish that (3.4) is indeed correct, we assume by contradiction that all the
inequalities in the estimations leading to (9.22) and finally to (9.28) are in fact equalities.
In particular, the estimations in (9.23) hold with equality only if a« = 1 and, if L should be
at least p, also | Ni/p| = | L/p|. We shall henceforth assume both of these two conditions.

If we examine the arguments after (9.13) that led us from (9.22) to (9.28), then we see
that they prove in fact

Up <BN(G +25) (Hej+ Lasp) — Hij) ) > 1+ v,(Mn/O) (9:29)

except if:

CASE 1: p=2and [L/2] =1,
CASE 2: p>3and p < L < 2p;
CASE 3: p=3and [L/3] = 2;
CASE 4: L < p.

In all other cases, there holds either strict inequality in (9.15) with = |L/p], or one
has v,(01) > 1 and is able to show

Up (BN(G +P5) (HLj+ Lafp) — Hij) ) > vy (M),
so that (9.29) is satisfied, as desired. We now show that (9.29) holds as well in Cases 14,
thus completing the proof of (3.4).
CASE 1. Let first p = 2 and L = 2. We then have
min{0, 75 — 77 — 1} = min{0, |log,(27 + 1)] — (25 + 1) — 1}
= min{0, |logy(2j +1)] =1} =0 > —1,
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in contradiction to having equality in (9.25).
On the other hand, if p = 2 and L = 3 then, because of equality in the second estimation
in (9.23), we must have N = 3. We have

1
3j+1
If there holds equality in (9.25), then Lj + |La/p] = 35 + 1 must be a power of 2, say
3j + 1 =2° or, equivalently, 7 = (2° — 1)/3. It follows that

Ne —atpj | _ |3 142 | _ 3 270410 o |3 | M
p o plossetei] |2 2lee:(142)] | T |2 3.92e-1 | T2 | p |7
in contradiction to having equality in (9.26) with ¢ = 1.

Hpji\agp) — Hrj = Hzj1 — Hzj =

CAsE 2. Our assumptions p > 3 and p < L < 2p imply

1
Lj+1
Arguing as in the previous case, in order to have equality in (9.25), we must have Lj+1 =
f - p° for some positive integers e and f with 0 < f < p. Thus, j = (f - p® — 1)/L and
p < L. (If p= L then j would be non-integral.) It follows that

Ne _atpj | _|Ne _ f-p"+L-p (9.30)
[ leogp(aerj)J D oI. p[bgp((f-pe“JrL—p)/L)J ' '
If f =1, then we obtain from (9.30) that

Ne o _atpj | _|Ne p A Lop| P Lop| | LM
p o pllosy(a+ei] p Lop=t |7 Iz p p]’
in contradiction with having equality in (9.26) with ¢ = 1.
On the other hand, if f > 2, then we obtain from (9.30) that

N ' pl 4+ L — L| [N
Ne _atpj ZVP + szf“:H:HJ’

P pllosplated)] pt p p
again in contradiction with having equality in (9.26) with ¢ = 1.

Hijv\rap) — Hry = Hpjy — Hij =

CASE 3. Our assumptions p = 3 and |L/3] = 2 imply
1 1
Lj+1 * Lj+2
Similar to the previous cases, in order to have equality in (9.25), we must have Lj+e = f-3¢

for some positive integers ¢, e, f with 0 < ¢, f < 3. The arguments from Case 2 can now
be repeated almost verbatim. We leave the details to the reader.

Hipjirasp) — Hrj = Hpjro — Hrj =

CASE 4. If L < p, then p/L > 1 = a, a contradiction to the assumption that we made
at the very beginning of this section.
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This completes the proof of the lemma.

10. PROOF OF LEMMA 7

We proceed in the same way as in the proof of Lemma 3 in Section 8. Again, the claim
is trivially true if p divides m, so that we may assume that p does not divide m for the rest
of the proof. Let us write m = a + pj, with 0 < a < p. Then comparison with (3.4) shows
that we are in a very similar situation here. Indeed, we may derive (3.7) from Lemma 5.
In order to see this, we use (8.1) to deduce

Up (BN(m) (HmeS - HLLWPJP“’“))

> —1— s+ min {vp<BN(a +pj)(HLjﬂLa/pJ — HLj)), 1+ vp(BN(a —|—pj)>} )

Use of Lemmas 4 and 5 then completes the proof.

11. THE EQUIVALENCE OF ZUDILIN’S AND OUR DEFINITION OF Hy(m)

Zudilin’s definition of the quantity Hy(m) deviates from (1.4). In this final section, we
show that our definition is equivalent to Zudilin’s.

Lemma 15. Let m be a non-negative integer, and let N be a positive integer with associated
parameters o, B, i, m (that is, given by (1.1) and (1.2), respectively). Then

(N)
Hy(m) = Z H(rj/N,m) — ¢(N)H(1,m),

where H(x,m) := " ——, and where r; € {1,2,..., N} form the residue classes modulo

N which are coprime to N. As before, ¢(.) denotes Euler’s totient function.

Proof. For N = 1, we have H;(m) = 0, so that the assertion of the lemma holds trivially.
Therefore, from now on, we assume N > 2.
We claim that, for any real number m > 0, we have

cr ﬁ) T(m+r;/N)  [lj= Dlaym +1)
L(m + 1)#(N)

- : (11.1)
e I'(r;/N) T T(Bm+ 1)
where I'(z) denotes the gamma function. This generalises Zudilin’s identity (1.3) to real

values of m. We essentially extend his proof to real m, using the well-known formula [4,
p. 23, Theorem 1.5.2]

[(a)T (a + %) r (a + %) ..T <a + = ; 1) = nz = (27) " V/20 (an), (11.2)

valid for real numbers a and positive integers n such that aN is not an integer < 0.
Indeed, as in the Introduction, let pq,ps,...,ps denote the distinct prime factors of N.
(It should be noted that there is at least one such prime factor due to our assumption
N > 2.) Furthermore, for a subset J of {1,2,...,¢}, let p; denote the product [[,c;p;
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of corresponding prime factors of N. (In the case that J = (), the empty product must
be interpreted as 1.) Then, by the principle of inclusion-exclusion, we can rewrite the
left-hand side of (11.1) in the form

N, i N, ;
HJg{1,2 0 [ Eehh (m+ %) HJg{l,z K}H /pJF (%)

C]TVn |J| even || odd
N N i ' N, ) ’
Dim+ 12N T g T T (m+ 2 Thepa,.o T T (%)
71 oad 1J] even

To each of the products over ¢, formula (11.2) can be applied. As a result, we obtain the
expression

v\~ () N
[licao. .o <p_J) (mp_, + 1) [licpa. ol (1)
CR}L |J| even |J] odd
['(m + 1)#(N) N\ () s N o HJQ{LZ,...,Z}F (1)
JC{1,2,...,6} \ ps mp_J + |J| even

|J| odd

mN/PJ
HJ§{1,2,...,£} (p%) (mpﬂJ + 1)

_ C]rvn ) |J| even (113)

T(m+ 1)@ —mN/p;
[cpe..o <%> I <mp_]\§ + 1)
7| odd

where the simplification in the exponent of N/p; is due to the fact that there are as many
subsets of even cardinality of a given non-empty set as there are subsets of odd cardinality.
Since, again by inclusion-exclusion,

2% pJ_NH(1__)—¢(N) (11.4)

scfiz.al?  ic(iz..n
|J| even |J] odd
we have
HJC{I L (mﬁ + 1>
1  leven " I Tlem +1)
@(N) I .
L(m+1) cps. ol (mp_A_f] X 1) i D(Bym +1)
|J| odd
and

HJQ{LQ,...,K}NimN/pJ
|J| even —mcp(N)'

—mN, o
HJQ{LQ,...,Z}N /s
|J] odd
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Finally, consider a fixed prime number dividing N, p; say. Then, using again (11.4), we
see that the exponent of p; in the expression (11.3) is

m N m

N _mN _ 1Y _meN) _ me(N)
—— > =+= > - plN(1 1)_ @ 4

. ) . . 1 - L 1
p; Jg{1,2,...,£}p‘] P; J§{1,2,...,£}p‘] p; p pil pj pi—1

17| odd, j¢J |7 even, j¢.J p#pi

If all these observations are used in (11.3), we arrive at the right-hand side of (11.1).
Now, let us call b(m) the function defined by both sides of (11.1), and let ¢(x) =
I"(x)/T'(z) be the digamma function. We will use the well-known property (see [4, p. 13,

Theorem 1.2.7]) that ¢¥(z+n) —¢(z) = H(z,n) for real numbers x > 0 and integers n > 0.
By taking the logarithmic derivative of the right-hand side of (11.1), we have
b’(m) o n
W = Z ozjw(ozjm + 1) — Zﬁj?ﬁ(ﬁﬁn + 1)
j=1

j=1

_ Z%. ((1) + Haym) — Zﬁj (v(1) + Hg;m)

1 n
= Z aj Hojm — ZﬁjHﬁﬂ”
j=1 j=1

— Hy(m), (11.5)
because ) i_, a; = >, B;. It also follows that ¥'(0)/b(0) = 0.

On the other hand, by taking the logarithmic derivative of the left-hand side of (11.1),
we also have

/ ©(N)
Z((Z)) = log(Cn) + Z PY(m~+1;/N) — p(N)p(m + 1).
Since '(0)/b(0) = 0, we have log(Cy) = — ;’2’) B(rs/N) + o(N)ib(1) and therefore,
b/(m) o(N)

bom) Z (Y(m+7;/N) = (r;/N)) = o(N)((m + 1) — (1))

€t <
R

H(rj/N,m) — o(N)H(1,m). (11.6)

—_

J

The lemma follows by equating the expressions (11.5) and (11.6) obtained for &'(m)/b(m).
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