ON A LINEAR FORM FOR CATALAN’S CONSTANT
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ABSTRACT. It is shown how Andrews’ multidimensional extension of Watson’s transfor-
mation between a very-well-poised g@r-series and a balanced 4¢3-series can be used to give
a straightforward proof of a conjecture of Zudilin and the second author on the arithmetic
behaviour of the coefficients of certain linear forms of 1 and Catalan’s constant. This
proof is considerably simpler and stream-lined than the first proof, due the second author.

1. INTRODUCTION

Andrews’ multidimensional extension [1, Theorem 4] of Watson’s transformation between
a very-well-poised g¢r-series and a balanced 4¢s-series [6, (2.5.1); Appendix (II1.18)] in its
full beauty reads
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Here, (o;q)r = (1 — a)(1 —aq)--- (1 — ag® ') if k > 1 and (a;q)o = 1. This formula has
found important applications to the theory of partition identities (see [1]).

Remarkably, Andrews’ formula has started a surprising new life recently. Its utility for
proving arithmetic properties of coefficients of certain linear forms for values of the Riemann
zeta function at integers was discovered by the authors in [9], and was also exploited in [10]
for proving the equality of certain multiple integrals and hypergeometric series. Closely
related are the applications given by Zudilin in [16, 17]. The afore-mentioned articles
make actually “only” use of the ¢ = 1 special case of (1.1) (see (4.2) below for the explicit
statement of that special case). The line of argument developed in [9] has been extended
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to the g-case by Jouhet and Mosaki in [8] to establish irrationality results for values of
a g-analogue of the zeta function. Moreover, Guo, Jouhet and Zeng [7] have extended
Zudilin’s work in [16] to the g-case, together with further applications of Andrews’ formula
(1.1). In a completely different field, Beliakova, Biihler and Lé [3, 4, 11] have exploited
(1.1) in the study of quantum invariants of manifolds. Finally, Andrews himself returned
to his identity after over 30 years to prove deep partition theorems in [2].

The purpose of the present paper is to add another item to this list of applications of
Andrews’ formula. More precisely, we show how the ideas from [9] lead to an alternative
proof of a conjecture from [13] on the arithmetic behaviour of the coefficients in certain
linear forms of 1 and Catalan’s constant G = Y -, % It is considerably simpler
and stream-lined than the first proof [12] by one of the authors, which used a somewhat
indirect method based on Padé approximations. A partial, “asymptotic,” proof had been
given earlier by Zudilin in [15].

We give a precise statement of the conjecture in the next section, where we also derive
explicit expressions for the coefficients a,, and b,, in the linear forms of 1 and Catalan’s
constant. The arithmetic claim for the coefficient a,, is then proved in Section 3 with
the help of a limit case of Whipple’s transformation between a very-well-poised 7 Fg-series
and a balanced 4F3-series (the latter being the ¢ = 1 special case of the afore-mentioned
transformation formula of Watson). The arithmetic claim for the coefficient b,, is proved in
Section 4 with the help of the ¢ = 1 special case of Andrews’ formula (1.1), given explicitly
in (4.2).

2. A LINEAR FORM FOR CATALAN’S CONSTANT
Let us consider the series
> —1\ (k=n),(k "
G, = n!Z(—l)k(k—l— z > ) (k= n) E Fhn, (2.1)
k=1 (k: - 5)77,—}-1

where the Pochhammer symbol (), is defined by («), = a(a+1)--- (a+k—1)if K > 1 and
(a)o = 1. By applying a partial fraction decomposition with respect to k to the summand,
and by performing the appropriate summations, it is not difficult to see (cf. [5, Sec. 1.4]
for details on this kind of calculation) that

G, =a,G —b,,

a, = 4(-1)" . %<(g_‘j+€> ((1—€)j?i+5)nj)

. n—l—j—e—% 2n—j+5—%
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Writing d,, for lem(1,2, ..., n), it is easy to see by a standard approach (see [13, Sec. 5]) that
24d,,a,, and 24"d§’nbn are integers. Based on computer calculations, the second author
and Zudilin conjectured however (cf. [13, p. 720]) that in fact even 2*"a, and 2'*d3 b, are
integers. While this is still too weak for proving the irrationality of Catalan’s constant G, it
is nevertheless an interesting and non-obvious observation which we shall prove in the two
subsequent sections. This proof makes use of identities for (generalised) hypergeometric
series, the latter being defined by

Qg | = (Oéo)k(@l)k"'(%)kzk
Bive s By }‘Z KBk B

As we already mentioned in the Introduction, an earlier (but more involved) proof is due
to one of the authors [12].

3. THE COEFFICIENT a,,

The purpose of this section is to prove the following theorem.
Theorem 1. For all positive integers n, the number 24"a,, is an integer.

For accomplishing the proof of this theorem (as well as the proof of Theorem 2 in the
following section), we need the following two arithmetic auxiliary facts (cf. [14, Sec. 7] and
[13, Lemma 6], respectively). Following [14] (where this is attributed to Nesterenko), we
shall call the expressions R;(«, 5;t) and Ry(«, 5;t) in the two lemmas below elementary
bricks.

Lemma 1. Given integers o and (3, let

ifa>p,
Ri(a, B5t) = (éa__aﬁllly .
(T a)sa if a < .
Then, for all integers o, B, k, H with o > 8 and H > 0, the number
oL ﬁR .
o0 g1 ger (@ S|,

is an integer. Furthermore, for all integers o, B, k, H with o < k < 3 —1 and H > 0, the
number
o 1 0"
dﬁ—a—l ’ ﬁ (z%_HRl(aa ﬁ, t)(t + k)

t=—k
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18 an integer.

Lemma 2. Given integers a and (3 with o > 3, let

(t‘i‘ﬁ_ %)afﬂ
CErI

Then, for all integers k and H with H > 0, the number

Ry(a, B;t) = 22"

H 1 o .
20-0) " ] &—HR2(047@75) s

15 an integer.

In order to apply these two lemmas, we need an alternative expression for the coefficient
a,, see the lemma below. The expression in (3.1) was already given in [12, Sec. 4.1]. Again,
it was obtained there in a somewhat roundabout way. Here, the equality in the next-to-last
displayed equation in [12, Sec. 4.2] is explained directly.

Lemma 3. For all non-negative integers n, we have

O e

Proof. We loosely follow analogous considerations in [9, Lemme 7].
Let H,, denote the m-th harmonic number, defined by H,, = >, 1. By abuse of

J=1j
notation, we “extend” harmonic numbers to half-integers m by defining H,, = Z;”ﬂ m+g+1

For example,

1 1 1

Hyp— —— + — 4 —
2TER 3R TR

We rewrite the expression for a,, given in (2.2) in the form
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In hypergeometric notation, this reads

e ) B lntet D,
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To the ¢Fs-series we apply the transformation formula (see [6, (3.10.4), ¢ — 1])

7 a,1+3,b,x,y,—N B

6 5, 1+a—0, 1—|—a—q: 1—|—a—y,1+a—|—N’
:(1—|—a)N(1+a—x—y)N —N,x,y (3.2)
(1+a—x)N1+a—y)N3 2 —a—N+x+y,1+a—b’ T

where N is a non-negative integer. Thus, we obtain

—1\"n! _ L
a, = 4(—1)""'lim &35’2 [ nn+g,5 =N °. 1}
5

(0

as we claimed. U
We are now in the position to prove Theorem 1.
Proof of Theorem 1. By Lemma 2 with a« = j, B = H = 0, and kK = —n respectively
1 -1
k = —n — j, the numbers 22" (”;5) and 22" (”+;._5) are integers. Given the expression for
a, in Lemma 3, this implies the assertion of the theorem. [l
4. THE COEFFICIENT b,,
The purpose of this section is to prove the following theorem.

Theorem 2. For all positive integers n, the number 24”d§nbn 18 an integer.

Proof. This proof follows loosely analogous considerations in [9, Prop. 7]. It depends on
an arithmetic fact which is stated and proved separately in Lemma 4 below.
Let us start by reordering the summations in (2.3) to obtain

3 n n

o e no. n! ’
Z —)% (3—16)!853_€<Zk(§_j+6> ((1_6)j(1+8>n_j)

e=1 k=1 j=

.<n+j—e—%)<2n—j+e—%)>
n n
e=0

Also for b,,, we need an alternative expression. It is provided for by the ¢ = 1 special case
of Andrews’ identity (1.1). More precisely, in (1.1) on replaces a by ¢%, b; by ¢%, ¢; by ¢,

(4.1)
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1=1,2,...,m+ 1, and then lets ¢ tend to 1. As a result, one obtains the transformation
formula
" a,5+1,b1,¢1, . byt Cgr, = 1
Im+552m+4 %,1+a—bl,1+a—cl,...,1+a—bm+1,1+a—Cm+1;1—i—a-i—n 7

_ (1 + a)n (1 +a— bm+1 — Cm+1>n Z <_n)lm
(1 +a— bm+1)n (1 +a— Cm+1)n

0<i1 Sio<-<im<n (b1 + Cmsr —a =i,

: <ﬁ (I+a—br— ck)ip—in_, (brt1)iy <Ck+1)ik> 0

el (Zk — ik—l)! (1 +a— bk)zk (1 +a — Ck)ik

where, by definition, 75 := 0. In this formula we put m = 3, a = —n + 2k — 2¢, b =
—n+k—eby=-n+k—c+i, co=n+k—c+i, bs=-n+k—c,c3=k—2—05+1,
by=—n+k—ec,¢,=1, N =n —k, and then let § tend to 0. This leads to the identity

226G (aata) (70 )C0)

1 ( 1) i) (2 —¢)n
=——|k—ec—¢ (—1)™ ‘ 2
2 2 ogngzgsgnk i (i = i) (i3 = 02)! (5 — )i (L + €)ni
(n — &+ %)k’-i-il (n + il - iz +ée+ %)n—k—h n!
(1 - 5)k+i1 (1 + 5)n—k—i1 (1 - 5)k+i2 (1 + 5)71—76—2'2

. (3+n+ii—is)y i (n—35—i3+&)n
(% +n+¢e+ il — 2.2)1'2,1'1 (7’L - % — ig — 5)i3+1
(€)iz—in (1 — 26)kpiy (% + €)n—iz—1

(1=28)k1 (5 + Enris (1 = E)piy

(4.3)

Using the notations R;(«, 3;t) and Ry(a, 3;t) for elementary bricks that were introduced
in Lemmas 1 and 2, and the notations

(% +n+ il — i2)i2—i1

R n,i7i,€ = . . ’
3( 1,12 ) (%_i_n{—g—l—ll_m)’izfil

R4(n 2.3 6) = (n _ % — i3 + 8)7334-1
y 63 (n_%_fig_g)iSJrla
Rs(n, kg, i3,¢) = 92(k=1) (€)ig—iz (1 — 26 )14y (% + ) n—is—1
s vy 025 03y (1 — 2€>k71 (% + E)nfkfig, (1 — €)k+ig
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for the special bricks Rs(n,iy,is,¢), Ry(n,is, e), and Rs(n, k,is,13,€), use of (4.3) in (4.1)
yields

n 12 n 2 ( ) 1 83_6
212 b, = yrd2 Z Z (DD (2k — 2 — 1)
2

e=1 k=1
|

23.
X Z (-
0<iy <ig<is<n—k ’Ll! (’LQ — Zl>! (13 — 12)!

“Ro(k +1i1,0n —e+ 1) (—¢) - R1(0,k +i1;—¢)
“Ro(n—k —i1,0;n+i; —ig+1)-e- R (0,n —k —iy;¢)

“Ro(n,k;1—¢)-e-R(0,n+1—k;e)

(=1)M2e Ry (—k—iy,n—k—iy+1;¢)- Ry(n, i1, iz, €) Ra(n, iz, €)- Rs(n, k, ia, i3, 5))

(4.4)
We can rewrite this in the form
dn 12 _ ) 2 (—1)% 1 e
24142 b, = — dZnZZ DD (2k — 2 — 1)
e=1 k=1 2
M
Z C(i1,12,13) - Rs(n, k7i27i3;5)ch(”, k,i17i2,i3;5)} ;
0<i1<ig<ig<n—k h=1 e=0

where each C(iy, 42, 43) is an integer and each ¢, is an expression R («, §; e+ K) with a >
B, an expression R («, 3; £¢) multiplied by +¢ with o < (3, an expression Ry(a, 3; e+ K)
with a > 3, or one of R3(n,i1,12,¢) and Ry(n,i3,¢).

By Leibniz’s formula, this last expression can be expanded into

3 n _

2(—1 k je—1

242 b, = —(—1) ”Z —( ) djfl
e=1 k k - l)

1 S
{ €0|€1 ] Z 0(21722723)
Lo+-+Lp=3—e

Ry
M: 0<i1<i9<ig<n—k

(9 o R (n, k,ig,iz;e Ha - n(n, k 21,22,Z3,€)} . (4.5a)
3 n
n 2<_1)kd§n
+(_1) Z ( _l)e
e=1 k=1 2

9—e 1 o
'dn { Z m Z 02(21712723)

lot- 4l =2—e 0<i1<--<ig<n—k



8 C. KRATTENTHALER AND T. RIVOAL

8@0 eh

et ——Rs5(n, k, i, 135 € H e n(n, k 11,22,2375)} (4.5b)

e=0

We distinguish between two cases. If iy = i3, then Rs(n,k,is,13;¢) can be factored as
follows:

R5(n7 k) Z.27 137 8) = R5(n7 ka 7:3a 23’ 5)
2(k—1) (1 - 25)k’+i3 (% + 5)n—i3—1
(1 —28)5—1 (1 = )ity (3 + €)n—imis
= Rl(k’ + ig, 0, 1— 25)
(=) Ri(0,k+i3+1;—¢) - Ry(k—1,0;n — k —i3 +¢)
- (=2¢) - Ry(0, k; —2¢).
By Lemmas 1 and 2 and the fact that 2(k— 1) divides ds,, one infers that (4.5a) and (4.5b)

with 729 = i3 are integers.
If 75 < i3, one observes that

R5<n7 ka i27 Z37 6) =& Rﬁ(na ka i27 7/3a 8)7
where Rg(...) is the special brick defined in Lemma 4. Consequently, for ¢, > 1, we have

I o INA
Tol 920 Rs(n, ks, i3;€) = (ly — 1)l Delo—1

RG(n7 k) Z‘27 237 E)

e=0 e=0
Lemma 4 with m; = i3 and my = 15 together with Lemmas 1 and 2 then lead to the
conclusion that (4.5a) and (4.5b) with i3 > iy are also integers. O

Lemma 4. Let

(1 + 5)m1—7712—1 (1 - 25>k+m2 (% + 6)71—77%1—1
(1 - 25)k—1 (1 - 5)k+m1 (% + 5>n—k—m1
Then, for all integers n,k,my, mqo, H with H > 0 and 0 < my < my; < n — k, the number

1 o7
dgy, - ﬁa—HRG(n,k’,ml,m%S) o (4.6)

RG(”; k,my,my; 5) = 221

1S an integer.

Proof. We loosely follow analogous arguments in the proof of [9, Lemme 11]. In fact, the
arguments given in the last paragraph here show that that proof could have been simplified.
We shall show that, for all integers 1 < f; < fo <--- < fgi1 < 2n, the number
. i 22(k—1) (m1 — Mo — 1)' (/{3 -+ mz)' (%)n—ml—l 1 (47)
H! (k= k+m)! (3)nk-m  Sifo--fu
is an integer. In view of the definition of Rg(n,k, my, ms;e), this implies that (4.6) is an
integer.

dH+1
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We prove the above claim by verifying that the p-adic valuation of (4.7) is non-negative
for all prime numbers p. Writing [a] for the greatest integer less than or equal to «, this
p-adic valuation is equal to

(H+1)- [log, (2n)] +Z([’”Km?h{ml—71}2—1}+{2n—22u—2]_[n_n?_1]

= p p p p

H

B V - 1} B {k +em1} B {Zn ~ 2 Qmﬂ . {n —h - ml} ) S ) (48)

p p p p —

for any prime number p (also for p = 2!). If p > 2n, it is obvious that this expression is
non-negative since all terms vanish. Hence, from now on we assume that p < 2n.

In fact, the conditions on k,n,m;, ms imply that the terms of the infinite series in (4.8)
vanish for ¢ > [log,(2n)]. The expression (4.8) can therefore be rewritten in the form

[log, (2n)]

e 3 ([ ] et ]

_[lcp—él]_{k;ﬁml]_[271—2}1;—27711}_‘_[71—15 mID th;Up £) — llog, 2n)])
(4.9)

Since, by definition, 1 < f;, < 2n for all h, the terms in the sum over h are non-positive.
Hence, it suffices to show that the summands in the sum over ¢ are all at least —1.

In order to accomplish this, we write N = {n/p‘}, K = {k/p‘}, My = {m/p*}, My =
{my/p*} for the fractional parts of n/p, k/p, mi/p* and my/p?, respectively. With these
notations, the summand of the sum over ¢ becomes

(K + M) + lMl—MQ—]%] +({2N—2Ml—§} — lN—Ml—]%D
- {K—é] — [K 4+ M| — ([2N — 2K —2M;] — [N — K — M;]). (4.10)

We first discuss the case K = 0. For this special choice of K, the expression in (4.10)
reduces to

oo (pv-an3] [y )
+1— (2N —2M;] = [N = M;]). (4.11)

Since

2 1

([2N—2M1——£} - [N—Ml——gD — ([2N = 2My] — [N = My]) > —1,
D p

the expression in (4.11) is indeed > —1.
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From now on let K > 0, i.e., K > #. In this case, clearly, [K — ﬁ] = 0 and
2 1
({2N—2M1——£] — {N—Ml——e]> — (2N —=2K —2M;] = [N = K — M;]) > 0.
p p

Hence, if the expression in (4.10) wants to be < —2, then we must have [K + M| = 0,
[Ml — My — z%} = —1and [K + M;] =1, that is

K+ M, <1, (4.12)

M, — M, — 1% <0, (4.13)

K+ M, > 1. (4.14)

But a combination of (4.12) and (4.14) yields M; — My > 0, which contradicts (4.13) since

the denominators of the rational numbers M; and M, are both p’. O
REFERENCES

[1] G. E. Andrews, Problems and prospects for basic hypergeometric functions, Theory and application of
special functions, R. A. Askey, ed., Math. Res. Center, Univ. Wisconsin, Publ. No. 35, Academic Press,
New York, pp. 191-224, 1975.

[2] G. E. Andrews, Partitions, Durfee symbols, and the Atkin—-Garvan moments of ranks, Invent. Math.
169 (2007), 37-73.

[3] A. Beliakova and I. Biihler, Unified SO(3) quantum invariant for rational homology 3-spheres, preprint.

[4] A. Beliakova and T. T. Q. Lé, Integrality of quantum 3-manifold invariants and rational surgery for-
mula, Compositio Math. (to appear).

[5] S. Fischler, Irrationalité de valeurs de zéta (d’aprés Apéry, Rivoal, ...), Séminaire Bourbaki 2002-2003,
exposé no. 910, Astérisque 294 (2004), 27-62.

[6] G. Gasper and M. Rahman, Basic hypergeometric series, Encyclopedia of Mathematics And Its Appli-
cations 35, Cambridge University Press, Cambridge, 1990.

[7] V.J. W. Guo, F. Jouhet and J. Zeng, Factors of alternating sums of products of binomial and q-binomial
coefficients, Acta Arith. 127 (2007), 17-31.

[8] F. Jouhet and E. Mosaki, Irrationalité des valeurs de {, aux entiers impairs positifs, preprint.

[9] C. Krattenthaler and T. Rivoal, Hypergéométrie et fonction zéta de Riemann, Mem. Amer. Math. Soc.
186, no. 875, Providence, R. 1., 2007.

[10] C. Krattenthaler and T. Rivoal, An identity of Andrews, multiple integrals, and very-well-poised
hypergeometric series, Ramanujan J. 13 (2007), 203-219.

[11] T. T. Q. L&, Strong integrality of quantum invariants of 3-manifolds, Trans. Amer. Math. Soc. (to
appear).

[12] T. Rivoal, Nombres d’Euler, approzimants de Padé et constante de Catalan, Ramanujan J. 11 (2006),
199-214.

[13] T. Rivoal and W. Zudilin, Diophantine properties of numbers related to Catalan’s constant, Math.
Ann. 326 (2003), 705-721.

[14] W. Zudilin, Arithmetic of linear forms involving odd zeta values, J. Théor. Nombres Bordeaux 16
(2004), 251-291.

[15] W. Zudilin, A few remarks on linear forms involving Catalan’s constant, aryiv:math.NT/0210423;
Russian version in Chebyshev Sbornik (Tula State Pedagogical University) 3:2(4) (2002), 60-70.

[16] W. Zudilin, On a combinatorial problem of Asmus Schmidt, Electron. J. Combin. 11(1) (2004), Arti-
cle #R22, 8 pp.



11

[17] W. Zudilin, Binomial sums related to rational approzimations to ((4) (in Russian), Math. Notes 75
(2004), 594-597; English translation in Mat. Zametki 75 (2004), 637-640.

C. KRATTENTHALER, FAKULTAT FUR MATHEMATIK, UNIVERSITAT WIEN, NORDBERGSTRASSE 15,
A-1090 VIENNA, AUSTRIA. WWW: http://www.mat.univie.ac.at/ kratt.

T. RIvoAL, INSTITUT FOURIER, CNRS UMR 5582, UNIVERSITE GRENOBLE 1, 100 RUE DES MATHS,
BP 74, 38402 SAINT-MARTIN D’HERES CEDEX, FRANCE.
WWW: http://www-fourier.ujf-grenoble.fr/“rivoal.



