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Setting

Q is the field of algebraic numbers, Og is the ring of algebraic integers.

Let us consider a non-trivial algebraic differential equation (ADE)

Qx, y(x), ...,y (x)) =0, (1)
where Q € Q[X, Yo, ..., Y]\ {0}.
Assume that

f(x) =Y fx" € Qlx]]
n=0

is a solution of (1).

Let d, be the denominator of f,, i.e., the least positive integer such that
dnfy € Og.

What can be said of the Archimedean and non-Archimedean growth of the
sequences f, and d,?



Classical results
e Q embedded into C with the usual Archimedean absolute value | - |.
Maillet (1903): |f,| < n!®®.

Pélya (1916) over Q, Popken (1935) over Q: d, < n!("&(") in the general
case, and d, < n!°®Y if Q is a linear form in Yy, ..., Y.

Popken (1935) using Maillet for the “Galoisian conjugates” of f: either f, =0
or |f,| > 1/ntOeem),

e Q with any non-Archimedean absolute value | - |,, v a finite place.
Mahler (1973, 1976): |f,|, < n!'®® and either f, = 0 or ||, > 1/n1C(e(),
Sibuya-Sperber (1981): |f,|, < e®( (Dwork’s conjecture).

e All the implicit constants in the O depend on the differential equation and f.
They are all effective except possibly in Sibuya-Sperber’s result.

e Mahler's conjecture (1976): the exponent O(log(n)) in Popken'’s lower bound
“can probably be improved to something like” O(loglog(n)).

This would follow from the same improvement for the exponent in
Pélya-Popken’s upper bound for d,.



Riccati equations
® T = 3, gax" is solution of x(1+ x)y’ +y* — (1 + x)y = 0.

1 n
gl == 7 ((" —1)gn + ;gjgm&—j), n>0, go=1.

lem{1,2,...,n+1}nl g, € Z for all n > 0. Hence, nl(n+1)! g, € Z.

o X =3 bnx" is solution of xy’ + y* 4+ (x — 1)y = 0. We have
by =0,b1 = —1/2, bopt1 =0 for n > 2, and

b1 = — +z(anFbenﬂf,) n>0, by=1.

Clausen—von Staudt Theorem: the denominator of (2n)!b,, is the product of
the primes p such that p — 1 divides 2n.

lem{1,2,...,2n+4 1}(2n)!b2, € Z for all n > 0. Hence, n!(n+ 1)!b, € Z.



Elliptic differential equations

o WeierstraB elliptic function o with modular invariants g», g3 € Q (such that
& # 27g?) satisfies

pQ = 4@3 — gp—g3 and 12@2 —2¢" — g =0.
We have p(x) = 1/x* + >°7°, pox*""2, where for n > 4,

&2 &3
pﬂ (2" + 1 3) Z pJp"—J7 p2 207 p3 28

Apparently, not much is known about the denominator of p, in general beyond
Pélya-Popken's upper bound.
e Lemniscate case: g» = 4,83 =0.

1 S 24nEn 4n—2
D) =+ DT Gy © UL

Hurwitz (1898): Let D, denote the denominator of E,. (1) no prime =3
mod 4 divides D,. (2) if a prime p =1 mod 4 divides D,, then p — 1 divides
4n and p* does not divide D,. (3) v2(E,) = —1.

Consequently (][] p)E, € Z, and (4n+ 1)'E, € Z.

p:p—1l4n



Non-linear recurrence for (f,)n>0

In general, we have

o2
fop1 = M(n) Z Z Z Pd,k(n7j17j27' . 7jk)f}1f}2 T ﬁkv n> Na (2)

o=01 k=1 j1+---+jy=n—0c
0<j15-sdk <

where N is some non-negative integer, M(X) € Ogl[X] vanishes for no n > N,
the coefficients Py «(n, j1, 2, - .- ,jk) are in (’)@. More precisely, the
Po.k(ny j1,j2 - -, jk) are piecewise polynomials in n,ji, jo, . . ., jk with coefficients
in Og.

Q

The constants o1, o2 are integers, ko is a positive integer.

The initial values fo, f, ..., fy are algebraic numbers with common
denominator D.

The restriction ji,...,jx < n can be ignored for non-negative o, while it has an
effect for negative o.



Interpretation of the polynomial M: Sibuya-Sperber’'s Lemma

Let £(x) = 3222, fx" € Q[[x]] be a solution of Q(x,y,...,y*) = 0 with
coefficients in Q.

Sibuya-Sperber then consider an ADE §(x7y7 o y®) =0 with
Q € Q[X, Yo, ..., Ye]\ {0} of which f is still a solution, where £ > 0 is minimal
amongst all ADEs satisfied by f, and the degree of Q in Y is also minimal.

£ is the transcendence degree of the field generated over Q(x) by f and all its
derivatives.

This in particular ensures the crucial fact that
Je) ()
—(x,f,...,f .
8Ye (X) ) ) ) # 0

They attach to @ and f a linear differential operator Lo € Q[[x]][&] of order ¢.

Let Py be the indicial polynomial at the origin of L.



Lemma 1 (Sibuya-Sperber, 1981)

For any ¢ > 0, there exist integers N > 0, N’ > N, N" > c such that
u(x) =32 fx" N € Q[[x]] satisfies

L(u) :XN”F(X, ud .. u?), (3)

where F € Og[X, Yo, ..., Y], L € Og]x, 21 js of order ¢ and the order at
x = 0 of leading coefficient of L is bounded independently of c.

The indicial polynomial at the origin of L is Po(X + N).

From (3), Sibuya and Sperber deduce a recurrence for (f;)n>0 of the form (2)
with o1 > 0 (because ¢ can be arbitrarily large) and with

M(X) = Po(X + N + 1).

This gives an interpretation of M in terms of the indicial polynomial Py of Lo
attached to Q and f.

P and M may be different for another solution in Q[[x]] of the ADE
Q(X7y7' "7.y(k)) = 0



Our main result

Theorem 1 (Krattenthaler-R., 2025)
Let f € Q[[x] be a solution of a non-trivial algebraic differential equation
Q(x,y,... ,y(k)) =0, where Q € Q[X, Yo, ..., Y.

Assume the sequence (f,)n>o of the Taylor coefficients of f satisfies a
recurrence of the form (2) with M split over Q.

Then there exist 6 and v € N such that the denominator d, of f, divides
8™ (vn 4 v)1* for all n > 0, where s is the degree of M.

This proves a strong form of Mahler's conjecture in the split case. It is a
completely effective result, but not always sharp due to its generality.

Corollary 1 (Effective version of Sibuya-Sperber's theorem in the split
case)

In the setting of Theorem 1, for all finite places v of Q over any given rational
prime number p,

Il < p(POH) D s g

)

with the standard normalization |p|, := 1/p.



Ideas of the proof of Theorem 1

e Our strategy: Experiment with simple examples, Guess patterns, Prove them,
Repeat this process with less simple examples, etc, untill full generality is
achieved.

Let f(x) =1+ 3 2, fax" be a solution of the Riccati equation
xf'(x) — xf(x)? + af (x) — a = 0, where a > 1 is a fixed integer.

1 n
fr1= ———o > fifa, >0, fo:=1.
+ n+a+1jzoj po M=

Numerical observations: n!(n+ a)!f, € Z for all n > 0.

Our first thought: this must be easy to prove with ¢, := n!(n+ a)! f,:

: n+1 n n+a
n = - - - 3 . i©n—j, >07 = !,
Pni1 jZO(J+1)(J+2)"'(J+3)<J>< j )W jo n>0, g i=a

The binomial coefficients are an important gain but this comes with a new
"big” denominator (j + 1) +2)---(j + a).

By a p-adic analysis of W)l(ﬁ-a) (7) (”*a) there exists § € N such that

8" nl(n+a)l f, € Z.



e Consider a non-linear recurrence with M split over Q:

ot = e
CIIi-,(ain+ bi)
o2 ko
X Z Z PU,k(nvjlv.j??' .- 7jk)f;'1f;'2 e Gk? forn > N, (4)
o=01 k=1 ji+-+jy=n—0o
0<j1semmnik S0
where N > 0, P()'7k(n,jl’j2, . ,jk) c O@, cezr, 01,02 €7, s, ko €N, b € Z,
aj € Ns.it. ged(aj, bi) =1and ajn+ b; #0forallie{1,...,s} and all n > N.

The initial values fo, f1, ..., fy are algebraic numbers with common
denominator D.

First step: we found an effective procedure to determine another recurrence for
(fa)n>0 where o1 > 0, with possibly N replaced by some N > N. This is an
alternative to the Sibuya-Sperber procedure.

Second step: we proved a completely explicit and more precise version of
Theorem 1 when o1 > 0.



Theorem 2
Let us consider a recurrence of the form (4) with o1 > 0. Then, for all n > N,
the denominator d,, of f, divides

cnpllo—1)ntlpn H(ain)! (ain+ bi — aj)!,

i=1

)

E— ((max{b,' _ 3,’,0})!k0_1 H pﬂogpmax{b,-—a,-,l}])‘

i=1 p<2max; <j<s(bj—aj)

After a change of sequence
s
oo = ([T(am)! (@in+ b — a)1) o,
i=1
the proof consists in a very complicated analysis of the p-adic valuation of

li[ (i,-n—l—a,-)!(a,-n—i-bi— 1)' (5)
i=1 El (aije)! (aije + bi — ai)!

Jt>N

The possible primes in the denominator of (5) divide E, with valuation at
most n.



Examples again
® g = Yoo &nX" and iy =707, bnx".
Theorem 2: 24"(n — 1){(n+ 1)! {gn, bn} € Z for all n > 1.

e WeierstraB o with g2, g3 € Q, g # 27g3, and p(x) = 1/x* + 322, pax®" 2.

Theorem 2: D""2520"(n — 1)!n!(2n)!(2n + 5)!py12 € O for all n > 1, where
D > 1 is the least common denominator of g»/20 and g3/28.

e u(x) := Y usx" solution of Painlevé PII’

y' =62y —2xy) +v(6y* +x) + By +a, ,B,7,6 € Q.

2
Upy1 = n(n+1) (5 E ujy uj, U +3y E uj uj-2725u,,,1725u,,,2) ,n>2
Jitit+jz=n—1 Jiti=n—1
0<j1.2,3<n—1 0<ji.jp<n—1

with wg, tn arbitrary in Q, and vy = —du3 — 3yu§ — Buo/2 — a /2.

Theorem 2: let C > 1 be the least common denominator of 24, 6,20, and let
D > 1 be the least common denominator of wo, u1, u>. Then

"D (n—1)nPu, e Oz n=>2.



e The dilogarithm Lix(x) := >_°°, x"/n® admits as inverse for the composition

X" *X_ZX T 72 T 576 T 86400°  1036800°

Zé 1s 1 4 31 5 149 4

which satisfies
€//€_€//€2 +€/3 +£/2€_£/2 _ 0

and
1 . . . .
lpi1 = TS (_ Z (410 + 22l + Z (i 4 1)(i + 2)li 426
i+j=n i+j+k=n
i<n—2,j<n i<n=2,j,k<n

— > (VG +)k+ Dbl — Dy ((+1)0 + Dt

i+j+k=n i+j+k=n

ijk<n—1 ij<n—1,k<n

+ > (+)0+Dlisrlia), n>0.
iTSJ":—nl

Theorem 1: for all n >0, 6" (vn+ v)!1*, € Z.



e Various automorphic functions satisfy an ADE S(y)(y’)?> = {y; x} of order 3,
where
y/// 3 y// 2
b= 33 ()
is the Schwarzian derivative with respect to x, and S is a rational function with
poles of order at most 2.

Mahler (1969): the elliptic modular invariant

1 1
F(q):= J(¢*) = ?+744+196884q2+21493760q4+864299970q6 = ?Z[[q]],

satisfies

_ 3¢°F" —4qF'F" — F? F,3( 4 3 23 )

ui
F 2¢2F' =1

9F2 " 8(F —123)2 T72F(F —123)
and F cannot satisfy an ADE of order < 2.
The indicial polynomial Py of Lo € @[[X]][i] is irreducible over Q:

Po(X) = X +8X* — 10X + 64.

From Sibuya-Sperber's Lemma 1, we get a recurrence of type (2) for the
coefficients of F with M(X) = Po(X 4+ m) for some integer m > 0.

Theorem 1 cannot be applied. It is not known if there exists a recurrence with
M split over Q for the coefficients of F.



Mahler's conjecture when M is not split over Q

The equation x%y” 4+ (x — 1)y’ +y — xy? = 1 has for solution the power series
D oo fax" with

1 n
for1 = —5— fifok, >0, fo:=1.
+1 n2+1kz:;k ky N2 0

Numerical experiments for values of n up to 2000: log(d,)/(nlog(n)?) seems to
converge to a constant close to 0.566.

Moreover,
log(chn)  log(dh)
2nlog(2n)  nlog(n)

seems to converge to a constant close to 0.39(= log(2) - 0.566).

This suggests that Mahler's conjecture does not hold in general.



