Arithmetic theory of E-operators

S. Fischler and T. Rivoal
January 15, 2016

Abstract

In [Séries Gevrey de type arithmétique I. Théorémes de pureté et de dualité,
Annals of Math. 151 (2000), 705-740], André has introduced E-operators, a class of
differential operators intimately related to E-functions, and constructed local bases
of solutions for these operators. In this paper we investigate the arithmetical nature
of connection constants of E-operators at finite distance, and of Stokes constants
at infinity. We prove that they involve values at algebraic points of E-functions in
the former case, and in the latter one, values of G-functions and of derivatives of the
Gamma function at rational points in a very precise way. As an application, we define
and study a class of numbers having certain algebraic approximations defined in terms
of E-functions. These types of approximations are motivated by the convergents to
the number e, as well as by recent constructions of approximations to Euler’s constant
and values of the Gamma function. Our results and methods are completely different
from those in our paper [On the values of G-functions, Commentarii Math. Helv. 29
(2014), 313-341], where we have studied similar questions for G-functions.

1 Introduction

In a seminal paper [1], André has introduced FE-operators, a class of differential opera-
tors intimately related to F-functions, and constructed local bases of solutions for these
operators. In this paper we investigate the arithmetical nature of connection constants
of E-operators, and prove that they involve values at algebraic points of E-functions or
G-functions, and values at rational points of derivatives of the Gamma function. As an
application, we will focus on algebraic approximations to such numbers, in connection with
Aptekarev’s famous construction for Euler’s constant -.

To begin with, let us recall the following definition.

Definition 1. An E-function E is a power series E(z) =Y °° 222" such that the coeffi-

n=0 n!
cients a, are algebraic numbers and there exists C' > 0 such that:

(i) the mazimum of the moduli of the Galois conjugates of a, is < C™* for any n.

(i) there exists a sequence of non-zero rational integers d,, with |d,| < C™"'  such that
dpan, is an algebraic integer for all m < n.



(iii) E(z) satisfies a homogeneous linear differential equation with coefficients in Q(2).

A G-function is defined similarly, as Y~ a,2" with the same assumptions (i), (i7),
(4ii); throughout the paper we fix a complex embedding of Q.

We refer to [1] for an overview of the main properties of E and G-functions. For the
sake of precision, we mention that the class of E-functions was first defined by Siegel in
a more general way, with bounds of the shape n!® for any € > 0 and any n >, 1, instead
of C"! for all n € N = {0,1,2,...}. The functions covered by Definition 1 are called
E*-functions by Shidlovskii [23], and are the ones used in the recent litterature under the
denomination E-functions (see [1, 6, 17]); it is believed that both classes coincide.

Examples of E-functions include e®* with a € Q, hypergeometric series pIp, with ratio-
nal parameters, and Bessel functions J, with o € N. Very precise transcendence (and even
algebraic independence) results are known on values of E-functions, such as the Siegel-
Shidlovskii theorem [23]. Beukers’ refinement of this result enables one to deduce the
following statement (see §3.1), whose analogue is false for G-functions (see [5] for interest-
ing examples):

Theorem 1. An E-function with coefficients in a number field K takes at an algebraic
point « either a transcendental value or a value in K(«).

In this paper we consider the following set E, which is analogous to the ring G of values
at algebraic points of analytic continuations of G-functions studied in [11].

Definition 2. The set E is defined as the set of all values taken by any E-function at any
algebraic point.

We recall that G might be equal to P[1/7], where P is the ring of periods (in the
sense of Kontsevich-Zagier [16]: see §2.2 of [11]). On the other hand, it seems reasonable
to imagine that E is contained in the ring generated by 1/7 and exponential periods (see
[12]).

Since E-functions are entire and E(az) is an E-function for any E-function F(z) and
any o € Q, we may restrict in Definition 2 to values at z = 1. Moreover E-functions form
a ring, so that E is a subring of C. Its group of units contains Q and exp(Q) because
algebraic numbers, exp(z) and exp(—z) are E-functions. Other elements of E include
values at algebraic points of Bessel functions J, with a € N, and also of any arithmetic
Gevrey series of negative order (see [1], Corollaire 1.3.2). It seems unlikely that E is a field
and we don’t know if we have a full description of its units.

A large part of our results is devoted to the arithmetic description of connection con-
stants or Stokes constants. Any E-function E(z) satisfies a differential equation Ly = 0,
where L is an F-operator (see [1]); it is not necessarily minimal and its only possible
singularities are 0 and oo, the former beging regular and the latter irregular. André has
proved [1] that a basis of solutions of L at z = 0 is of the form (Ey(2),...,E.(z2)) - 2™
where M is an upper triangular p x g matrix with coefficients in Q and the E;(z) are



E-functions. This implies that any local solution F(z) of L at z = 0 is of the form

F(z)=Y (Z 3 Grens’ log(z)k>Ej(z) (1.1)

7j=1 s€S; keK;

where S; C Q, K; C N are finite sets and ¢; ; , € C. Our purpose is to study the connection
constants of F(z), assuming all coefficients ¢, to be algebraic (with a special focus on
the special case where F'(z) itself is an F-function).

Any point @ € Q \ {0} is a regular point of L and there exists a basis of locally

holomorphic solutions Gy(2),...,G,.(2) € Q[[z — a]] such that, around z = «,
F(z) =wiGi(2) + - + w,Gpu(2) (1.2)
for some complex numbers wy, . ..,w,, called the connection constants (at finite distance).

Proposition 1. If all coefficients ¢; s in (1.1) are algebraic then the connection constants
wi, ..., w, i (1.2) belong to Elloga], and even to E if F(z) is an E-function.

The situation is much more complicated around oo, which is in general an irregular
singularity of L; this part is therefore much more involved than the corresponding one for
G-functions [11] (since oo is a regular singularity of G-operators, the connection constants
of G-functions at any ¢ € QU {oo} always belong to G). The local solutions at oo involve
divergent series, which give rise to Stokes phenomenon: the expression of an E-function
E(z) on a given basis is valid on certain angular sectors, and the connection constants may
change from one sector to another when crossing certain rays called anti-Stokes directions.
For this reason, we speak of Stokes constants rather than connection constants. More
precisely, let § € R and assume that 6 is not an anti-Stokes direction (which amounts to
excluding finitely many values of § mod 27). Then we compute explicitly the asymptotic

expansion
E(z) =Y > 3 cpainz " log(1/2)’ (1.3)

pEX a€eS €T n=0

as [z| — oo in a large sector § — 7 — ¢ < arg(z) < 0 + § + ¢ for some € > 0; in
precise terms, E(z) can be obtained from this expansion by Borel-Laplace summation (i.e.,
Ramis’ 1-summation; see §4.1). Here ¥ € Q, S € Q and T C N are finite subsets,
and the coefficients ¢, o, are complex numbers (that also depend on #); all of them are
constructed explicitly in terms of the Laplace transform ¢(z) of E(z), which is annihilated
by a G-operator. In applying or studying (1.3) we shall always assume that the sets 2, S
and T have the least possible cardinality (so that o —a’ & Z for any distinct o, @’ € §) and
that for any « there exist p and @ with ¢, ;0 7# 0. Then the asymptotic expansion (1.3) is

uniquely determined by E(z) and 6 (see §4.1).

The existence of an asymptotic expansion of the form (1.3) is a priori ensured by the
theory of linear differential equations with meromorphic coefficients, see [13, page 582,
Theorem VIIL.7], but its explicit determination is a difficult task in general. One of our
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main contributions is the value of ¢, 4, which is given in terms of derivatives of 1/I" at
a € Q and connection constants of g(z) at its finite singularities p. André has constructed
[1, Théoreme 4.3 (v)] a basis Hi(z),...,H,(z) of formal solutions at infinity of an E-
operator that annihilates E(z); these solutions involve divergent Gevrey series of order 1,
and are of the same form as the right hand side of (1.3), with algebraic coefficients ¢, q,in.
The asymptotic expansion (1.3) of E(z) in a large sector bisected by 6 can be written on
this basis as

wieH1(2) + ... +wueH,(2) (1.4)

with Stokes constants w; 9. To identify these constants, we first introduce another ring.

Definition 3. We define S as the G-module generated by all the values of derivatives of
the Gamma function at rational points. It is also the Gly|-module generated by all the
values of I at rational points, and it is a ring.

We show in §2 why the two modules coincide, and why S is a ring. The Rohrlich-Lang
conjecture (see [2] or [24]) implies that the values T'(s), for s € Q with 0 < s < 1, are
Q-linearly independent. We conjecture that these numbers are in fact also G[y]-linearly
independent, so that S is the free G[y]-module they generate.

We then have the following result. We recall that the coefficients ¢, 4, depend on 6.

Theorem 2. Let E(z) be an E-function, and 8 € R be a direction which is not anti-Stokes
for E(z). Then:

(i) The Stokes constants w;g belong to S.
(11) All coefficients ¢, ain in (1.3) belong to S.

(iti) Let p € X, a € S, and n > 0; denote by k the largest i € T' such that c,qin # 0. If
k exists then for any i € T the coefficient ¢, ain is a G-linear combination of I'(a),
(), ..., T®9(a). In particular, c)orn € I'(a)-G. Here T¥)(a) is understood as
F(£)<1) ZfOé S ZSO'

w) Let F(z) be a local solution at z = 0 of an E-operator, with coefficients ¢, € S in
-]7 b
(1.1). Then assertions (i) and (ii) hold with F(z) instead of E(z).

Assertion (iv) applies to many special functions, including Bessel’s functions J, with
a € Q and Ai(2%/3) where Ai(z) is Airy’s oscillating integral (see [1]).

Assertions (i) and (iv) of Theorem 2 are consistent with André’s remark in [1, p. 722]:
“Nous privilégierons une approche formelle, qui permettrait de travailler sur Q(I'®(a))ren.aco
plutot que sur C si l'on voulait”. (1)

Many examples of E-functions for which values of (derivatives of) I' appear in Stokes
constants are known (see for instance Section 16.41 of [25] for confluent hypergeometric

1«We adopt a formal approach, which would enable one to work over Q(I'*®) (a))ren.aco rather than C
if one would prefer”.



equations of order 2, or [10]). The point in Theorem 2 is that, in some sense, no other
number can appear. Moreover, an important feature of assertion (iii) is that T'®*)(a), for
k > 1, never appears in the coefficient of a leading term of (1.3), but only combined
with higher powers of log(1/z). This motivates the logarithmic factor in (1.8) below,
and explains an observation we had made on Euler’s constant: it always appears through
v —log(1/z) (see Eq. (4.7) in §4.2). Moreover, in (ii7), it follows from the remarks made
in §2 that, alternatively, ¢, qin = I'() - Ppa.in(7) for some polynomial P,,;,(X) € G[X]
of degree < k — 1.

The proof of Theorem 2 is based on Laplace transform, the André-Chudnovski-Katz
Theorem on solutions of G-operators, and a specific complex integral (see [1], p. 735).
At some point, we take advantage of the existence of André’s basis (Hy, ..., H,) of the
FE-operator at infinity, not to increase the length of the paper. However, our approach also
provides a new construction of this basis, from bases of microsolutions of the underlying
G-operator (see [12]).

As an application of Proposition 1 and Theorem 2, we study sequences of algebraic
(or rational) approximations of special interest related to E-functions. In [11] we have
proved that a complex number « belongs to the fraction field Frac G of G if, and only if,
there exist sequences (P, ), and (Q,), of algebraic numbers such that lim,, P,/Q,, = a and
Ym0 Pn™s Yo s0 @n2" are G-functions. We have introduced this notion in order to give
a general framework for irrationality proofs of values of G-functions such as zeta values.
Such sequences are called G-approximations of o, when P, and (), are rational numbers.
We drop this last assumption in the context of E-functions (see §3.1), and consider the
following definition.

Definition 4. Sequences (P,),>0 and (Qn)n>0 of algebraic numbers are said to be E-
approximations of a € C if

Y N
A0, T
and . .
Z P2 = A(z) - E(B(Z))7 Z Qn2" =C(2) - F(D<Z))

where E and F are E-functions, A, B,C, D are algebraic functions in Q[[z]] with B(0) =
D(0) = 0.

This definition is motivated by the fact that many sequences of approximations to
classical numbers are E-approximations, for instance diagonal Padé approximants to e*.
Because of the asymptotic nature of the notion, a more flexible definition would be that
the generating series of (Pix)n>0 and (Qnik)n>o0 are of the desired form for some given
integer k; however by changing the name of the sequences one may assume that £ = 0.
We also prove that the convergents of the respective continued fraction expansions of
e and &7 define E-approximations (see §6.1). The classical proof that 7, m is
irrational (for positive integers a, b, ¢) is based on sequences of rational approximations
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that are E-approximations, as in the special case of e. We hope that focusing at FE-
approximations may be helpful in finding irrationality proofs for new interesting numbers.
Elements in Frac G also have E-approximations, since G-approximations (F,), and (Q,),
of a complex number always provide E-approximations P,/n! and @,/n! of the same
number. In §6.1, we construct E-approximations to I'(a) for any o € Q \ Z<o, a < 1, by

letting Eo(2) = Y o0 #fm)’ Qn(a) = 1, and defining P, («) by the series expansion (for
2 < 1)

e (1) - i Pa()z" € QI

then lim,, P,(«) = I'(a). The number I'(cr) appears in this setting as a Stokes constant.
The condition a < 1 is harmless because we readily deduce E-approximations to I'(«) for
any a € Q, a > 1, by means of the functional equation I'(s + 1) = sI'(s). Moreover,
since WEOC (—1%;) is holonomic, the sequence (P,(a)) satisfies a linear recurrence, of
order 3 with polynomial coefficients in Z[n, a] of total degree 2 in n and «; see §6.1. This
construction yields a new sequence of rational approximations to I'(«); it is simpler than
that in [21] but the convergence to I'(«) is slower.

Definition 4 enables us to consider an interesting class of numbers: those having F-
approximations. Of course this is a countable subset of C. We have seen that it contains all
values of the Gamma function at rational points s, which are conjectured to be irrational
if s & Z; very few results are known in this direction (see [24]), and using suitable E-
approximations may lead to prove new ones.

However we conjecture that Euler’s constant 7 does not have E-approximations: all
approximations we have thought of seem to have generating functions not as in Definition 4.
This is a reasonable conjecture in view of Theorem 3 we are going to state now.

Given two subsets X and Y of C, we set

X-Y:{xy|x€X,y€Y}, ;Z{gleX’yEY\{O}}'

We also set I'(Q) = {I'(z)|z € Q\ Z<o}. If X is a ring then we denote by Frac X = £

its field of fractions. We define Euler’s Beta function by B(x,y) = % We recall [11]
that B(xz,y) belongs to the group of units G* of G for any z,y € Q, so that I" induces a
group homomorphism Q — C*/G* (by letting I'(z) = 1 for x € Z<). Therefore I'(Q) - G*

is a subgroup of C*, and so is T'(Q) - exp(Q) - Frac G; for future reference we write

r
['Q)-I'Q) cr@Q) -G and % cI(Q)-G. (1.5)
Theorem 3. The set of numbers having E-approximations contains
EuT(Q)
m U Frac G (16)



and it 1s contained in
EU((I(Q)-G)
EU((Q)-G)

U (F(Q) - exp(Q) - Frac G). (1.7)

The proof of (1.6) is constructive; the one of (1.7) is based on an explicit determina-
tion of the asymptotically dominating term of a sequence (P,), as in Definition 4. This
determination is based on analysis of singularities, the saddle point method, asymptotic
expansions (1.3) of E(z), Proposition 1, and Theorem 2; it is of independent interest (see
Theorem 6 in §5). The dominating term comes from the local behaviour of E(z) at some
2o € C (providing elements of E, in connection with Proposition 1) or at infinity (providing
elements of I'(Q) - G; Theorem 2 is used in this case). This dichotomy leads to the unions
in (1.6) and (1.7); it makes it unlikely for the set of numbers having E-approximations to
be a field, or even a ring. We could have obtained a field by restricting Definition 4 to the
case where B(z) = D(z) = z and A(z), C(z) are not polynomials, since in this case the
behavior of E(z) at oo would not come into the play; this field would be simply Frac E.

It seems likely that there exist numbers having E-approximations but no G-approxi-
mations, because conjecturally Frac E N FracG = Q and I'(Q) N FracG = Q. It is also
an open question to prove that the number I'™(s) does not have E-approximations, for
n>1and s € Q\ Z<g. To obtain approximations to these numbers, one can consider the
following generalization of Definition 4: we replace A(z)- E(B(z)) (and also C(2)-F(D(z)))
with a finite sum

> aijrelog(l — Ai(2)) - Bi(z) - E(C(2)) (1.8)
irjikyl
where a; ;s € Q, Ai(2), Bi(2),C(z) are algebraic functions in Q[[2]], 4;(0) = C(0) = 0,
and Ey(z) are E-functions. For instance, let us consider the E-function E(z) = > 7 | 2
and define P, by the series expansion (for |z| < 1)

log(l—2) 1 ZE( z ) =3 " P.2" € Q). (1.9)

1—2 1-— 11—

Then we prove in §6.4 that lim,, P, = 7, so that letting (),, = 1 we obtain E-approximations
of Euler’s constant in this extended sense. Since % - 1; (—1fz) is holonomic, the
sequence (P,),, satisfies a linear recurrence, of order 3 with polynomial coefficients in Z[n] of
degree 2; see §6.4. Again, this construction is new and much simpler than those in [4, 15, 20]
but the convergence to v is slower. A construction similar to (1.9), based on an immediate
generalization of the final equation for I'™ (1) in [22], shows that the numbers '™ (s) have
E-approximations in the extended sense of (1.8) for any integer n > 0 and any rational
number s € Q \ Z<.

The set of numbers having such approximations is still countable, and we prove in §6.4
that it is contained in

) 5 : U (exp(@) - Frac S)



where log(Q") = exp™(Q").

The generalization (1.8) does not cover all interesting constructions of approximations
to derivatives of Gamma values in the literature. For instance, it does not seem that
Aptekarev’s or the second author’s approximations to v (in [4] and [20] respectively) can
be described by (1.8). This is also not the case of Hessami-Pilehrood’s approximations to
I'™(1) in [14, 15] but in certain cases their generating functions involve sums of products
of E-functions at various algebraic functions, rather linear forms in FE-functions at one
algebraic function as in (1.8). Another possible generalization of (1.8) is to let o ;s € E;
we describe such an example in §6.4, related to the continued fraction [0; 1,2, 3,4, ...] whose
partial quotients are the consecutive positive integers.

The structure of this paper is as follows. In §2, we discuss the properties of S. In §3
we prove our results at finite distance, namely Theorem 1 and Proposition 1. Then we
discuss in §4.1 the definition and basic properties of asymptotic expansions. This allows
us to prove Theorem 2 in §4, and to determine in §5 the asymptotic behavior of sequences
(P,) as in Definition 4. Finally, we gather in §6 all results related to E-approximations.

2 Structure of S

In this short section we discuss the structural properties of the G-module S generated by
the numbers I'™(s), for n > 0, s € Q \ Z<p. It is not used in the proof of our theorems.

The Digamma function ¥ is defined as the logarithmic derivative of the Gamma func-
tion. We have

> 1 1 ) 2 (—1)"tin
\I’(x):_7+z<k—ﬂ_k+x> and Z k:+x"+1 (n=1).

k=0 =0

From the relation I''(z) = ¥(z)['(x), we can prove by induction on the integer n > 0 that
I'™(z) =T(z) P (¥(2), ¥V (z),..., 00D (2))

where P,(X1, Xs,...,X,) is a polynomial with integer coefficients. Moreover, the term of
maximal degree in X; is X7

It is well-known that ¥(s) € —y + G (Gauss’ formula, [3, p. 13, Theorem 1.2.7]) and
that U("(s) € G for any n > 1 and any s € Q \ Z<. It follows that

F(”)(s) =TI(s)- P, (‘I/(s), \If(l)(s), . ‘I/("*l)(s)) =1(s) - Qns(7) (2.1)

where @, s(X) is a polynomial with coefficients in G, of degree n and leading coefficient
equal to (—1)™.

Proposition 2. The set S coincides with the Gy|-module S generated by the numbers
I'(s), for s € Q\ Z<o. It is a ring.



Proof. Eq. (2.1) shows immediately that S C S. For the converse inclusion S C S, it is
enough to show that I'(s)y™ € S for any n > 0, s € Q \ Z<o. This can be proved by
induction on n from (2.1) because we can rewrite it as

[(s)7" = (=1)"T"(s) + T(s) - Qn,s(7)

for some polynomial Qn s(X ) with coefficients in G and degree < n — 1.

Let us now prove that Sisa ring. For any z,y € Q \ Z<o such that z +y & Z<,
we have T'(z)['(y) = T'(z + y)B(z,y) € S because B(z,y) € G in this case (see [11]). If
2,y € Q\ Z<y but =+ y € Z<, then by the reflection formula I'(z)I'(y) € 7Q C S. O

Remark. The fact that S is a ring can also be proved directly from the definition of S. For
any z,y € Q \ Z<o such that x + y & Z<o, we have

D@ () = O Py y)Bla,y)

Oz
8m+n—i—j

moyn
= z”";z’;( )( )F<Z+])($+?J)WB(%?J)€S

3m+n—i—j
If 2,y € Q\ Z< and = + y € Z<p, we argue as above using the reflection formula.

because B(z,y) € G, arguing as in [11] for the special case m —i =n —j = 0.

3 First results on values of F-functions

3.1 Around Siegel-Shidlovskii and Beukers’ theorems

To begin with, let us mention the following result. It is proved in [11] (and due to the
referee of that paper) in the case K = Q(i); actually the same proof, which relies on
Beukers’ version [6] of the Siegel-Shidlovskii theorem, works for any number field K.

Theorem 4. Let E(z) be an E-function with coefficients in some number field K, and
a, 3 € Q be such that E(a) = 8 or E(a) = €. Then B € K(a).

This result implies Theorem 1 stated in the introduction; without further hypotheses
E(«) may really belong to K(a), because if E(z) is an E-function then so is (z — a)E(z2).

Theorem 4 shows that if we restrict the coefficients of F-functions to a given number
field then the set of values we obtain is a proper subset of E. In this respect the situation is
completely different from the one with G-functions, since any element of G can be written
[11] as f(1) for some G-function f with Taylor coefficients in Q(). This is also the reason
why we did not restrict to rational numbers P,, ),, in Definition 4.



3.2 Connection constants at finite distance

Let us prove Proposition 1 stated in the introduction, which we state again here in a slightly
more general version; the strategy is analogous to the corresponding one with G-functions
[11], and even easier because E-functions are entire.

Proposition 3. Let

m

F(z) = Z (Z 3 Grn? log(z)k>Ej(z) (3.1)

7j=1 SESj k‘eKj

where S; C Q,K; C N are finite sets, ¢jsx € Q and Ey,...,E, are E-functions. Let
a € Q\ {0}, and Gi(2),...,Gu(2) € Q[[z — o] be a local basis of solutions of an E-

operator L such that LF = 0. Let wy, ..., w, € C be such that around z = «,
F(2) =wiGi(2) + - + w,Gu(2). (3.2)
Then wy, ..., w, € Elloga]; moreover if F(z) is an E-function then wy, ..., w, € E.

Proof. We denote by W¢(z) the wronskian built on the functions G1(2),. .., G.(2):

(i}§z) N (inZ)
We() = Gl:(z) Gu:(/z)
G V) - GEY()

All functions ng)(z) are holomorphic at z = a with Taylor coefficients in Q, so that
We(a) € Q. On the other hand, let us write

d d

d
= w + a“_l(z)m + -+ al(z)— + CL[)(Z),

dz
where a; € Q(z). Then z = 0 is the only singularity at finite distance of L, and it is a
regular singularity with rational exponents (see [1]): we have z'a, ;(z) € Q[z] for any i.
Since W (2) is a solution of the differential equation v'(z) + a,—1(2)y(z) = 0, it is of the
form W (z) = c2?e?®) with ¢ € C, p € Q and ¢(z) € Q[2] (in fact, ¢ has degree < 1 here).
Moreover the G;’s form a basis of solutions of L, so that ¢ # 0 and Wg(a) € Q \ {0}.

We now differentiate (3.2) to obtain the relations

I
F®(z) = ijng)(z), E=0,...,n—1
=1

for any z in some open disk D centered at z = «. We interpret these equations (with
z = ) as a linear system with unknowns wj;, and solve it using Cramer’s rule. We obtain
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in this way that

S Ty I PO O
1 G () GPia)  FO) @ i—l(a) Gy (@)
Gt (a) G ) Fr(a) Q¥ () G4 (a)

since We(ar) # 0.

Now recall that 1/Wg(a) and G§-k)(a) belong to Q C E. If we assume that F/(z) is an
E-function, this is also the case of its derivatives, so that F*)(a) € E for all k& > 0 and
(3.3) implies that w; € E. To prove the general case, we simply observe that if F'(z) is

given by (3.1) with algebraic coefficients ¢; s, then all values at z = « of derivatives of
F(z) belong to E[log(a)]. O

4 Stokes constants of F-functions

In this section we construct explicitly the asymptotic expansion of an E-function: our main
result is Theorem 5, stated in §4.2 and proved in §4.3. Before that we discuss in §4.1 the
asymptotic expansions used in this paper. Finally we show in §4.4 that Theorem 5 implies
Theorem 2. R

Throughout this section, we let I" := 1/T" for simplicity.

4.1 Asymptotic expansions

The asymptotic expansions used throughout this paper are defined as follows.

Definition 5. Let 6 € R, and ¥ C C, S C Q, T' C N be finite subsets. Given complex
numbers ¢, qin, we write

fl@)m=Y ey Y Cpaint " (log(1/)) (4.1)
pEX a€eS i€T n=0

and say that the right hand side is the asymptotic expansion of f(x) in a large sector
bisected by the direction 0, if there exist ¢, R, B,C > 0 and, for any p € X, a function
fo(x) holomorphic on

U:{xEC, lz| > R, H—g—egarg(x)§9+g+e},
such that

fa) =3 e f(a)

pEX

11



and

ZZZ%M" (log(1/2))"| < CVNa|P~N

a€eS i€T n=0
for any x € U and any N > 1.

This means exactly (see [19, §§2.1 and 2.3]) that for any p € X,

> Z Cpain® " “(log(1/z))" (4.2)

aeS €T n=0

is 1-summable in the direction # and its sum is f,(z). In particular, using a result of
Watson (see [19, §2.3]), the sum f,(x) is determined by its expansion (4.2). Therefore the
asymptotic expansion on the right hand side of (4.1) determines the function f(x) (up to
analytic continuation). The converse is also true, as the following lemma shows.

Lemma 1. A given function f(x) can have at most one asymptotic expansion in the sense
of Definition 5.

Of course we assume implicitly in Lemma 1 (and very often in this paper) that X, S
and T in (4.1) cannot trivially be made smaller, and that for any « there exist p and 4
with Cp,oz,i,() 7é 0.

Proof. We proceed by induction on the cardinality of ¥. If the result holds for proper
subsets of ¥, we choose ' very close to # such that the complex numbers pe?’, p € 3, have
pairwise distinct real parts and we denote by py the element of ¥ for which Re (poew') is
maximal. Then the asymptotic expansion (4.2) of f,,(z) is also an asymptotic expansion
of e 7 f(x) as |z| — oo with arg(z) = #', in the usual sense (see for instance [9, p.
182]); accordingly it is uniquely determined by f, so that its 1-sum f, () is also uniquely
determined by f. Applying the induction procedure to f(z) — e”®f, (x) with X\ {po}
concludes the proof of Lemma 1. ]

4.2 Notation and statement of Theorem 5

We consider a non-polynomial E-function E(z) such that E(0) = 0, and write

Its associated G-function is

We denote by D a G-operator such that FDE = 0, where F : C[z, &] — Clz, L] is the
Fourier transform of differential operators, i.e. the morphism of C-algebras defined by

12



F(z) = & and F(£L) = —z. Recall that such a D exists because E is annihilated by an
FE-operator, and any E-operator can be written as FD for some G-operator D.

We let g(z) = 1G(2), so that (L)°Dg = 0 where § is the degree of D (i.e. the order
of FD; see [1], p. 716). This functlon is the Laplace transform of E(x): for Re(z) > C,
where C' > 0 is such that |a,| < C™, we have

g(z) = /0 " E(w)e=*da.

From the definition of g(z) and the assumption F(0) = 0 we deduce that g(z) = O(1/|z|?)
as z — 00.

We denote by X the set of all finite singularities p of D = Zj o (2)(L)7, ie. the

zeros of the leading polynomial ug(z). Observe that (<)°D has the same singularities as
D. We also let

S=R\{arg(p—p),p,p € X,p#p'} (4.3)

where all the values modulo 27 of the argument of p— p are considered, so that S+7 = S.

The directions § € R\ (=8) (i.e., such that (p— p')e is real for some p # p' in ¥) may
be anti-Stokes (or singular, see for instance [18, p. 79]): when crossing such a direction,
the renormalized sum of a formal solution at infinity of D may change. In the statement
and proof of Theorem 5 we fix a direction 6 € —S.

For any p € ¥ we denote by A, = p — e R, the half-line of angle —0 + 7 mod 27
starting at p. Since —@ € S, no singularity p’ # p of D lies on A,: these half-lines are
pairwise disjoint. We shall work in the simply connected cut plane obtained from C by
removing the union of these closed half-lines. We agree that for p € ¥ and z in the cut
plane, arg(z — p) will be chosen in the open interval (—f — m, —0 + 7). This enables one to
define log(z — p) and (z — p)* for any « € Q.

Now let us fix p € 3. Combining theorems of André, Chudnovski and Katz (see [1, p.
719]), there exist (non necessarily distinct) rational numbers ¢, ..., . with J(p) > 1
and G-functions g7, for 1 < j < J(p) and 0 < k < K(p, j), such that a basis of local

solutions of (< )61) around p (in the above-mentioned cut plane) is given by the functions

ACRP RS Y MR - (4.4

for 1 <j < J(p) and 0 < k < K(p,j). Since (<L)°Dg = 0 we can expand g in this basis:
7)

J(p)
=Y > =) (4.5)

K(p,
7j=1 k=0

with connection constants @, ; Theorem 2 of [11] yields @, € G.

13



We denote by {u} € [0,1) the fractional part of a real number u, and agree that all
derivatives of this or related functions taken at integers will be right-derivatives. We also
denote by * the Hadamard (coefficientwise) product of formal power series in z, and we let

i) = 2 (g ™ <

(=y—n)

for a € Q and i € N. To compute the coefficients of y,;(z), we may restrict to values of y
with the same integer part as «, denoted by |«]. Then

PA—{y}) _Tly+la)+1) _ (=Y = Mt if 7 2 —[a] )
['(—y—mn) I'(—y —n) 1 fn< 1 |al )
(—y+la]+D) o)1

is a rational function of y with rational coefficients, so that y,;(2) € Q][[z]]; here (z); =
z(x+1)...(x+ k — 1) is Pochhammer’s symbol. Even though this won’t be used in the
present paper, we mention that y,,(z) is an arithmetic Gevrey series of order 1 (see [1]);
in particular it is divergent for any z # 0 (unless it is a polynomial, namely if i = 0 and
a€Z).

Finally, we define

E

W(1/2) = D (Yrm > Gfp)(1/2) € Q[[1/2]

3
]
o

for any 1 < j < J(p) and 0 < k < K(j, p); this is also an arithmetic Gevrey series of
order 1. It is not difficult to see that nf,(1/z) = 0if f], (2 — p) is holomorphic at p. Indeed
in this case k = 0 and ¢} € Z; if t7 > 0 then Yes 0 18 1dentlcally zero, and if #§ < —1 then

Y0 is a polynomial in z of degree —1 — t% whereas g/, has valuation at least —t/.

The main result of this section is the following asymptotic expansion, valid in the setting
of Definition 5 for § € —S. It is at the heart of Theorem 2; recall that we assume here
E(0) =0, and that we let I' = 1/T".

Theorem 5. We have

J(p) K(j,p) k—i i
S Y S et Y (5 R0 g, 0a) B

7!
peY  j=1 k=0 i=0 =0

We observe that the coefficients are naturally expressed in terms of TO®. Let us write
Theorem 5 in a slightly different way. For ¢t € Q and s € N, let

nol1fa) = 32 e gy L0



In particular, A o(1/2) = D(1 — {t}) and A1 (1/2) = T(1 — {t})log(1/x) — TM(1 — {t});
for t € Z we have \;1(1/z) = log(1/x) —
Then Theorem 5 reads (by letting s =i + /¢):

J(p) K(4,p)

Y ey Y o kx*tﬂzxtﬁ (1/2)n?,_,(1/x). (4.7)

pEX j=1 k=0

Here we see that the derivatives of 1/T" do not appear in an arbitrary way, but always
through these sums A (1/x). In particular v appears through A, ;(1/x) = log(1/x) —
as mentioned in the introduction.

In the asymptotic expansion of Theorem 5, and in (4.7), the singularities p € ¥ at
which g(2) is holomorphic have a zero contribution because for any (j, k), either @/, =0
or f7,(z — p) is holomorphic at p (and in the latter case, k = 0 and 7j,(1/z) = 0, as
mentioned before the statement of Theorem 5). Moreover, as the proof shows (see §4.3),
it is not really necessary to assume that the functions f" w(z — p) form a basis of local
solutions of (££)°D around p. Instead, it is enough to consider rational numbers t% and
G-functions g],/,C such that all singularities of g],k(z — p) belong to ¥ and, upon defining f]’:
by Eq. (4.4), Eq. (4.5) holds with some complex numbers wﬁ .- In this way, to compute
the asymptotic expansion of F(x) it is not necessary to determine D explicitly. The finite
set X is used simply to control the singularities of the functions which appear, and prevent
6 from being a possibly singular direction. This remark makes it easier to apply Theorem 5
to specific E-functions, for instance to obtain the expansions (6.2) and (6.5) used in §6.

4.3 Proof of Theorem 5

We fix an oriented line d such that the angle between R, and d is equal to —6 + 5 mod 2,
and all singularities of D lie on the left of d. Let R > 0 be sufficiently large (in terms of
d and ¥). Then the circle C(0, R) centered at 0 of radius R intersects d at two distinct
points a and b, with arg(b — a) = —0 + § mod 27, and

: 1 ’ zZT
E(z) = ng]go Si /a g(z)e*dz (4.8)
where the integral is taken along the line segment ab contained in d.

For any p € X the circle C(0, R) intersects A, at one point z, = p—A,e~* with A, > 0,
which corresponds to two points at the border of the cut plane, namely p+ Apei(_oi“) with
values —0 £ 7 of the argument. We consider the following path I', z: a straight line from
p+ Apei(_e_”) to p (on one bank of the cut plane), then a circle around p with essentially
zero radius and arg(z — p) going up from —0 — 7 to —0 + 7, and finally a straight line
from p to p + A,e=%*™) on the other bank of the cut plane. We denote by 'y the closed
loop obtained by concatenation of the line segment ba, the arc az,, of the circle C(0, R),
the path ', g, the arc z, z,,, the path I',, g, ..., and the arc z,,b (where py,...,p, are
the distinct elements of 3, ordered so that z,, z,,, ..., 2,, are met successively when
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Figure 1: The contour I'g

going along C(0, R) from a to b in the negative direction); see Figure 1. We refer to [9, pp.
183-192] for a similar computation.

We observe that .
2 Jr, glz)edz
for any x € C, because I'g is a closed simple curve inside which the integrand has no
singularity.

Now assume that 6 — 7 < arg(z) < 6+ 5. As R — oo, the integral of g(z)e*” over the
line segment ba tends to —E(z), using Eq. (4.8). Moreover, as z describes I', g (except
maybe in a bounded neighborhood of p) we have Re(zx) < 0 and g(z) = O(1/|z?|), so
that letting R — oo one obtains (as in [9])

= — o= / )edz, (4.9)

pPEX

where I', is the extension of I') p as R — oo.
Plugging Eq. (4.5) into Eq. (4.9) yields

J(p) K(4,p)

=> > > jkzm/fjk — p)edz. (4.10)

pEY j=1 k=0

To study the integrals on the right hand side we shall prove the following general claim
(see [12, §2.5]). Let p € X, and ¢ be a G-function such that p(z — p) is holomorphic on
the cut plane. For any a € Q and any k € N, let

o (log(z — p))*

Yai(z—p) = (2 —p)(z—p) 1

16



Then )
oy Do r(z — p)e*dz
it Jr,

admits the following asymptotic expansion in a large sector bisected by 0 (with [ = 1/T):

SO0 (o) 3 (s 1)

7

??‘
N

I§
o

To prove this claim, we first observe that

2z 1o zx
/I“p (pa,k(z - p)e dz = H% |:/1;p Spa,()(’z - p)e dZ]

where the k-th derivative is taken at «; this relation enables us to deduce the general case
from the special case k = 0 considered in [9]. We write also
p(z=p)=> culz—p)"
n=0
Following [9, pp. 185-191], given £ > 0 we obtain R, C,x > 0 such that, for any n > 1 and
any z with [z| > Rand 6 — § + ¢ < arg(z) < 0 + § — ¢, we have

x—a—n—l 1

_fe—pac/ (z_p)oc+nezmdz
Lp

- < O"p) —a—n—1 —n\:v|sin(e).
MN—a—n) 2ir < Cnlle] ‘

Then following the proof of [9, pp. 191-192] and using the fact that limsup |c,|'/" < oo,

for any € > 0 we obtain R, B,C > 0 such that, for any N > 1 and any z with |z| > R and
0 — 7% +e<arg(r) <0+ 75 —e, we have
1 N-1 Cn ak —a—n—1

‘e 2im Jr Panlz = pledz k! Oak F(—a
, =0

” <CVNIzPN. (411)

Now observe that S is a union of open intervals, so that 6 can be made slightly larger or
slightly smaller while remaining in the same open interval. In this process, the cut plane
changes but the left handside of (4.11) remains the same (by the residue theorem, since
©(z — p) is holomorphic on the cut plane). The asymptotic expansion (4.11) remains valid
as |x| — oo in the new sector 0 — 7 + ¢ < arg(z) < 0 + § — ¢, so that finally it is valid in
a large sector § — 7 — ¢ < arg(z) < 0 + § + ¢ for some € > 0.

Now Leibniz’ formula yields the following equality between functions of a:

(1 {a) O (AN

[(—a—n)

—Q—

(rgfa—_ﬂ Zzzmkﬁ (T
<1og< )izt

—/

k i
= k_,'(f(l —{ap)" <ya,k—£—i * Z”) (1/x)x_a_1—(log(.1/x))

7!

e

iy
=)
S
Il
o



so that

S () 3 R () S (van e x ) 1ot LU

— !
(—a—mn) — - i!

e

Il
o

Using (4.11) this concludes the proof of the claim.

Now we apply the claim to the G-functions g & since all singularities of g} k(z — p) are

singularities of (£)°D and therefore belong to ¥. Combining this result with Eqns. (4.4)
and (4.10) ylelds

1 o (log(z — p))* _,
B = Y oo [ g;’,k*k«z—p)(z—p)%Me z

Ik 9m k'l
0,7,k k'
k' k' —¢ .
L (log(1/2))
~ Z w eP t —1 Z 1 — {tf ) (ytﬁ,k’—f—i * g;k:—k") (l/x)T
p.Jg.k, k! £=0 i=0 ’
k Z k—¢ (1 i
- og(1/x))
= e Z (1 —{t"}) Mjde—t=i(1/2) =
Pk (=0 =0 ’

This concludes the proof of Theorem 5.

4.4 Proof of Theorem 2

To begin with, let us prove assertions (ii) and (i7i). Changing 6 slightly if necessary, we
may assume 6 € —S. Adding the constant term £(0) € Q C G to (1.3) if necessary, we
may assume that F(0) = 0. Then Theorem 5 applies; moreover, in the setting of §4.2 we
may assume that the rational numbers t]p» have different integer parts as soon as they are
distinct. Then letting S denote the set of all ¢ + 1, for p € ¥ and 1 < j < J(p), and
denoting by T" the set of non-negative integers less than or equal to max;, K (j,p), the
asymptotic expansion of Theorem 5 is exactly (1.3) with coefficients

K(j,p) k—
w

'(1—{a})

Cp,asin
1<5<T(p) k=i £=0
with Oé=t§+].

k—

£— dam
i ( 1—{y})> o
- m) _y n) ly=a—1 J,k—f—i—mmn

n

where gﬁk—é—i—m(z —p) =200 g;'),k—é—i—m,n(z —p)".

Assertion (i7) of Theorem 2 is ¢,qin € S; let us prove this now. The coeflicients

95 k—t_i_mn are algebraic because g7, , , , is a G-function, and %(@) is
) ) ’ Y ( Y n) |y a—1

a rational number. Since w? r € G and Q C G, the coefficient ¢, ., is a G-linear
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combination of derivatives of I' = 1/T" taken at the rational point 1—{a}. By the reflection
formula, T'(z) = wml — 2): applying Leibniz’ formula we see that T®)(z) is a G-linear
combination of derivatives of I' at 1 — z up to order k, provided z € Q \ Z (using the fact
[11] that G contains 7, 1/7, and the algebraic numbers sin(7z) and cos(7z)). When z = 1,
we use (at z = 0) the identity

I‘(x—l—l):exp(—'yx—i—iL]:C(k)xk)

(see [3, p. 3, Theorem 1.1.2]) and the properties of Bell polynomials (see for instance |8,
Chap. III, §3]). Since ((k) € G for any k > 2 (because polylogarithms are G-functions),
it follows that both T®)(1) and T'®)(1) are polynomials of degree k in Euler’s constant v,
with coefficients in G; moreover the leading coefficients of these polynomials are rational
numbers. This implies that ['®)(1) is a G-linear combination of derivatives of I at 1 up to
order k, and concludes the proof that all coefficients ¢, o i, in the expansion (1.3) provided
by Theorem 5 belong to S.

To prove (iii), we fix p and o and denote by K the maximal value of K(j,p) among
integers j such that o = 7 4- 1. Then

K—1i (_1)5/\
Cp,a,iin = /) 1‘\(5)(1 - {a})gé—i-i,n

where

' 21 dm T —{y})
_— p il p G-

here 0 < A < K and the first sum is on j € {1,...,J(p)} such that a =/ + 1 and
K(j,p) > A If n is fixed and g, # 0 for some A, then denoting by Ay the largest such
integer A\ we have ¢, 1, n € T(1—{a})-G\{0} =T'(a)-G\ {0} and assertion (iii) follows
since \g is the integer denoted by k in (4i7).

To prove (i) and (iv), we first observe that if F'(z) is given by (1.1) with coefficients
¢jsk € S, the asymptotic expansions of F;(z) we have just obtained can be multiplied by
¢; 512" log(2)* and summed up, thereby proving (ii) for F(z) since S is a ring. To deduce
() from (i7) for any solution F'(z) of an E-operator L, we recall that any formal solution
f of L at oo can be written as (1.3) with complex coefficients ¢, .., (f), and denote by
®(f) the family of all these coefficients. The linear map ® is injective, so that there exists
a finite subset X of the set of indices (p, v, i,n) such that ¥ : f = (cpa,in(f))(painiex is
a bijective linear map. Denoting by Fj the asymptotic expansion of F'(z) in a large sector
bisected by 6, we have

‘I/(Fg) = wLQ\II(.Hl) + ...+ w#’g\I/(HH)
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with the notation of (1.4). Now W(H,), ..., ¥(H,) are linearly independent elements of

=X . . .

Q" and wy g, ...,w,ue can be obtained by Cramer’s rule (this is the same kind of argument
as in Section 3.2), so that they are linear combinations of the components of W (Fy) with
coefficients in Q C G: using (i7) this concludes the proof of (i).

5 Asymptotics of the coefficients of A(z)- E(B(z))

In this section we deduce from Theorem 2 the following result, of independent interest,
which is the main step in the proof of Theorem 3 (see §6.3). Its proof decomposes in many
cases, some of which involve the saddle point method. In these cases, we do not write
down all the details of the derivation which is classical and because this involves lengthy
technicalities. Instead, we refer the reader to [26, 27] for detailed asymptotic computations,
which we slightly generalize here to get only the leading terms, and to [13, Chapter VIII]
for a general overview of this method. The existence of such asymptotics is ensured a
priori by the Birkhoff-Trjitzinsky theory because all functions A(z) - E(B (z)) considered
in this section are holonomic.

Theorem 6. Let E(z) be an E-function, and A(z), B(z) € Q[[2]] be algebraic functions;
assume that P(z) = A(z) - E(B(z)) = Yo, P,2" is not a polynomial. Then either

(27T)(1—d)/(2d) . o
P, = a4 n~""!(logn)" (ZF —ug)goe™’ + 0(1)> (5.1)
or d—1 Y d Y4
P, = ¢"eXi=1 " /dn_“_l(log n)”( Z we, .. 9 e2t=1 P Qs 0(1)) (5.2)
O1,...04

where ¢ € Q, u € Q, up € Q\N, d,v €N, d>1,¢>0, gg € G\ {0}, k1,...,kq-1 € R,

0,01,...,0; € |—m,m), the sums on 0 and 0y, ...,0,4 are finite and non-empty, and

Wty = T with € € (BU(D(Q) - G)) \ {0}

ZfU—FLl —Iid_lzelz...zed_l :0, (53)

CUgl

0, €T(Q) - exp(Q) - G\ {0} otherwzse

77777

As in the introduction, in (5.3) we let I'(—u) = 1 if u € N. In the special case where
k
P(z)=(1- ( )
(2) = 2)% exp ; -

with o, a,..., 06 € Q, by,..., b, € Q, oy > 0 and by # 0, Theorem 6 is consistent with
Wright’s asymptotic formulas [27] for P,.

We shall now prove Theorem 6; we distinguish between two cases (see §5.1 and 5.2),
which lead to Eqns. (5.1) and (5.2) respectively. This distinction, based on the growth of
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P,, is different from the one mentioned in the introduction (namely whether E(z) plays
arole as z — zy € C or as z — oo, providing elements of E or I'(Q) - G respectively).
We start with the following consequence of Theorem 2, which is useful to study E(z) as
2z — 00, in both §5.1 and §5.2.3.

Lemma 2. For any E-function E(z) there exist K > 1, uy,...,ux € Q, vy,...,vx € N,
and pairwise distinct aq, ..., ax € Q such that

= Z wre 2% log(2)" (1 + o(1)) (5.4)

k=1

as |z| = oo, uniformly with respect to arg(z), where wy, € T'(—uy) -G\ {0} with I'(—uy) =1
if up, € N.

If K = 1, the proof below shows that v; = 0 and u; € Z: log(z) does not appear in
Eq. (5.4). Otherwise for any k € {1,..., K} there exist &’ # k and 6 € R such that e** is
much smaller than e®'# as |z| — oo with arg(z) = 6; we choose a determination of log(z)
with a cut at arg(z) = 6 mod 27, and use it in the term corresponding to k in Eq. (5.4).
In this way, the cut of log(z) in Eq. (5.4) never occurs in a leading term.

Proof. For any a € C, let I, denote the set of all directions § € R/277Z such that E(z)
has an asymptotic expansion (1.3) in a large sector bisected by 6, with ¥ having the least
possible cardinality, @ € ¥, and Re (a/e??) < Re (ae'?) for any o/ € ¥. This implies that
in the direction 6, the growth of F(z) is comparable to that of e**. Then the closure J, of
I, is the union of I, and a set of anti-Stokes directions; it is either empty or of the form
(R, Sa] mod 27 with R, < S,. We denote by Xy the set of all @« € C such that J, # 0;
then Y is a subset of the finite set ¥ C Q constructed in §4.2, so that ¥ is finite: we
denote by aq, ..., ak its elements, with K > 1.

If K =1 then J,, = R/27Z and the asymptotic expansion (1.3) is the same in any
direction: e~**FE(z) has (at most) a pole at oo, and Lemma 2 holds with u; € Z, v; = 0,
and wy; € G (using Theorem 2).

Let us assume now that K > 2. Then S,, — R,, < 7 for any k, so that F(z) admits an
asymptotic expansion (1.3) in a large sector that contains all directions 6 € J,,. Among
all terms corresponding to e*** in this expansion, we denote the leading one by

wre™* 2" (log z)"* (5.5)

with uy € Q, v, € N, and wy, € T'(—ug) - G\ {0} (using assertion (iii) of Theorem 2),
where I'(—uy) is understood as 1 if uy is a non-negative integer. These parameters are the
ones in (5.4). To conclude the proof of Lemma 2, we may assume that arg(z) remains in a
small segment I, and consider the asymptotic expansion (1.3) in a large sector containing
I. Keeping only the dominant term corresponding to each o € Y in this expansion, we

obtain
= w2 (log z)" (1 + o(1)). (5.6)

acy
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To prove that (5.6) is equivalent to (5.4) as |z| — oo with arg(z) € I, we may remove from
both equations all terms corresponding to values ay (resp. a € ¥) such that I,, N1 =0
(resp. I, NI = (), since they fall into error terms. Now for any a = a4 such that
I,N1T # (), E(z) admits an asymptotic expansion in a large sector containing I, U I (since
I, has length at most 7, and the length of I can be assumed to be sufficiently small in
terms of F). Comparing the dominating exponential term of this expansion in a direction
0 € 1, N1 with the ones of (5.5) and (5.6), we obtain w!, = wg, ul, = uy, and v/, = vg. This
concludes the proof of Lemma 2. O

5.1 P(z) is an entire function

If P(z) is an entire function then A(z) and B(z) are polynomials; we denote by ¢ > 0 and
d > 1 their degrees, and by As and By their leading coefficients. We shall estimate the
growth of the Taylor coefficients of P(z) by the saddle point method. For any circle Cr of
center 0 and radius R, Lemma 2 yields

pom L [ AR BB,

24T vl

=5 ZkagB“’“d”’“/ ek B@) | otdun=1(1o0 )% . (1 4 o(1))dz
(s Cr

where the o(1) is with respect to R — 400 and is uniform in n; here log(z) is a fixed
determination which depends on & (see the remark after Lemma 2). We have to distinguish
between the cases ap = 0 and oy, # 0. In the former case, the integral

Wk d+dug—n—1 vk |
oL /CR . (log 2)" - (1 + o(1))d=
tends to 0 as R — +oo (provided n is sufficiently large) and there is no contribution coming
from this case.

Now E(z) is not a polynomial (otherwise P(z) would be a polynomial too), so that if
a = 0 for some k then K > 2: there is always at least one integer k£ such that aj # 0.
For any such k£, the function

oakB(z)Zd-i-duk —n—1 (

e log z)%*

is smooth on Cg (except on the cut of log z) and the integral can be estimated as n — oo
by finding the critical points of axB(z) — nlog(z), i.e. the solutions zyx(n),..., zar(n)
of 2B'(2) = n/ay. As n — oo, we have z,(n) ~ (dBgay)~Y4e?™/dpt/d — oo so that
apB(zjk(n)) ~n/d.

Moreover, denoting by A, x(n) the second derivative of oy, B(2) —nlog(z) at z = 2, x(n),
we see that asymptotically

Aji(n) = axB"(zjr(n)) + ~ d(dB o) e w12/

zjk(n)?
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Then the saddle point method yields:

Py=) wkZ “’CB%’“"”zj,k<n>5+d“k—"—1<1og 235(n))" (14 o(1))
ar#0  j=0 V QWAJk

with wj, = wiAsBy*d" € Q" wg. This relation yields

"

d—1

w —n n S fup—1 v iTIn

b, = E —2k7rn 14 (edBaou ) *nat 2 (log n) k( E e /d—|—0(1)>
R0 =0

with w} € Q wy. Now let @ = max(|oy|, ..., |ak|) and consider the set K of all k such that

1d _ 51/d

|ag| = a. For each k € K we write a e ; then Stirling’s formula yields

U
Ju

1

P, = (27r)(1_d)/(2d)n!_l/d(dBd&)”/dZw,’;ng”’“ 2t2a(logn)’ Y O (1 + o(1)).
kek

<.
Il
o

Keeping only the dominant terms provides Eq. (5.1).

5.2 P(z) is not an entire function

Let us move now to the case where P(z) is not entire, and prove Eq. (5.2). Let ¢ > 0 and
© C [0,27] be such that the singularities of P(z) of minimal modulus are the ¢~te~% with
04 € O; then O is finite and non-empty. As usual the contributions of these singularities
add up to determine the asymptotic behavior of P,; this corresponds to the sum over 6, in
Eq. (5.2). For simplicity we shall restrict in the proof to the case of a unique singularity
p = g te ™ of minimal modulus ¢~'. We consider first two special cases, and then the
most difficult one.

5.2.1 DB(z) has a finite limit at p

Let us assume that B(z) admits a finite limit as z — p, denoted by B(p); p can be a
singularity of B or not. In both cases, as z — p we have

B(z) = B(p) + B(z — p)'(1 +0(1))

witht € Q, ¢ > 0, and B € @* (unless B is a constant; in this case the proof is even
easier). Now all Taylor coefficients of E(z) at B(p) belong to E, so that

E(B(2)) ~n(z— p)"

as z — p, with t € Q, ¢ > 0, and n € E\ {0}. On the other hand, if p is a singularity
of the algebraic function A(z) then its Puiseux expansion yields s € Q\ N, 2 € Q@ and a
polynomial A such that

A=) = A(z = p) + Az — p)*(L + 0(1))
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as z — p; if p is not a singularity of A we have the same expression with s € N and A=0.
In both cases we obtain finally p € Q\ N, B € E\ {0} and a polynomial P such that

P(2) = P(z = p) + Bz = p)’ (1 + o(1)).
Using standard transfer results (see [13, p. 393]) this implies
(_p)ipmp—nn—p—l.

Py~
P(=p)
Therefore the singularity contributes to (5.2) through a term in which v = £y = ... =
Rd—1 = 91 = ...= Qdfl = 0 and p_l — qe’ied.

5.2.2 F is a polynomial

In this case, P(z) is an algebraic function (and not a polynomial) so that

['(—s) "

—s—1 _—n

p

P, ~

with w € Q@ ¢ E\ {0} and s € Q \ N determined by the Puiseux expansion of P(z)
around p (using the same transfer result as above). Therefore each singularity p = ¢~ te =%
contributes to a term in (5.2) withv =k =... = K41 =0, =... =041 =0.

5.2.3 The main part of the proof

Let us come now to the most difficult part of the proof, namely the contribution of a
singularity p at which B(z) does not have a finite limit (in the case where F(z) is not a
polynomial). As above we assume (for simplicity) that p is the unique singularity of P(z)
of minimal modulus ¢~!. As z — p, we have

A(z) ~A(z — p)/* and B(z) ~ B(z — p) /7 (5.7)

with A, B € Q', s,t,0,7 € Z, s,0,7 > 0, and ged(s,t) = ged(o, ) = 1. For any circle Cg
of center 0 and radius R < |p|, we have (using Lemma 2 as in §5.1)

akB(z

b zmz [ G AGBE IosBE) (ko) (58)

where o(1) is with respect to R — |p| and is uniform in n.

If oy, = 0 for some k, then the corresponding term in (5.8) has to be treated in a specific
way, since the main contribution may come from the error term o(1). For this reason we
observe that in Lemma 2, the term corresponding to a; = 0 can be replaced with any
truncation of the asymptotic expansion of F(z), namely with

Uy Vv

Z Z Wa w4 (log 2)" + o(z~Y0/4)

u=—Ug v=0
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where d > 1 and Uy can be chosen arbitrarily large. Now the corresponding term in (5.8)
becomes

Uy

(:z:E:MWM@B@WM&gB@D”+WM@BQY%“DW. (5.9)

u=—Uy v=0

1 1

2m Cr Zn+1

The point is that the function w, ,A(z)B(2)"/?(log B(z))” may be holomorphic at z = p,
because w,, = 0 or because the singularities at p of A(z) and B(z)*4(log B(z))" cancel
out; in this case the corresponding integral over Cg is o(¢™) for some ¢’ < ¢ = |p|™! so
that it falls into error terms. If this happens for any Up, any u and any v, then the term
corresponding to o, = 0 in (5.8) is o(¢"n~Y) for any U > 0, so that it falls into the error
term of the expression (5.2) we are going to obtain for P,. Otherwise we may consider
the maximal pair (u,v) (with respect to lexicographic order) for which this function is not
holomorphic; then (5.9) is equal to

Wy / (p—2)"log(p — z)"
Cr

24T zntl

(1 + o(1))dz

for some T' € Q and wy, , € Q'wuo C T(Q) - G (using assertion (i47) of Theorem 2). We
obtain finally the following formula for (5.9) (see [13, p. 387)):

w/

F(j%) pl " T og(n)¥(1 +o(1)) if T €N,

wi o' T Mog(n)" " (14 0(1)) if T € N (so that v > 1).

This contribution can either fall into the error term of (5.2), or give a term with xk; = ... =
md_lzﬁlz...zgd_lzo.

Let us study now the terms in (5.8) for which a4, # 0; since E(z) is not a polynomial
there is at least one such term. The function
eakB(Z)

o A(2)B(2)"* log(B(z))™

is smooth on Cg (except on the cuts of log(B(z))) and the integral can be estimated as
n — oo by finding the critical points of axB(z) — nlog(z), i.e. the solutions of zB'(z) =
n/ay. For large n, any critical point z must be close to p (since zB’(z) is bounded away
from p for |z| < |p|). Now in a neighborhood of z = p we have

pTB 1

2B'(2) ~ — .
( ) o (Z _ p>1+7/0
so that we have 7 + o critical points z;x(n), for j =0,...,0 4+ 7 — 1, with
—oa/(oc+T1)
2injo/(o+T) on
zig(n) —p~e = .
()~ 7 (-
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Using (5.7) and letting k = t/s € Q we deduce that

simion (o) on —ok/(oc+T)
Al ~ QYeZimion/(o+T) [ _ 0.
(Z]7k<n)) € ( p%TOék) ;é

Moreover we have

. B(zjx(n)) ~ —(zjx(n) = p)aB'(zjx(n)) ~ o (zjx(n) = p) ~ Djn™/ 7+
with /(1) /(+7)
D4 = (ak%(a%”j) <_—U) £0. (5.10)
oT

To apply the saddle point method, we need to estimate the second derivative A;(n) of
apB(z) —nlog(z) at z = z;,(n). We obtain

20+T1
n (o +7) 3 e geir AN
A . — B// ) ~ % o/(o+T) 241y el R paa
ik(n) = axB"(zjx(n)) + Zip(n)? o2 (%B) € P n

Finally,
B(2j(n))" ~ (D) ag,) s nT/F7),

This enables us to apply the saddle point method. This yields a non-empty subset J; of
{0,...,0 + 7 — 1} such that the term corresponding to oy in (5.8) is equal to

ek B(z;,k(n))

W
jeZJk V21 A L (n) 2jk(n)n T

Now for any pair (7, k), o, B(2;(n)) is an algebraic function of n so that it can be expanded
as follows as n — oo:

A(zjk(n)) B(25(n))"* log(B(z;k(n)))™ (1 4 o(1)).

p
apB(zjk(n)) = Z ki em? 4 o(1) (5.11)
=0
with ;.0 € Q, 0 < d < d and d'/d = 5 Kika = Djr # 0. Increasing d and d' if
necessary, we may assume that they are independent from (j, k). We denote by (kq, ..., K1)
the family (Rerjga,...,Rek;k1) which is maximal with respect to lexicographic order
(as j and k vary with ay # 0 and j € Ji), i.e. for which the real part of (5.11) has
maximal growth as n — oco. Among the set of pairs (j, k) for which Rek;,1 = k1, ...,
Rekjpa = Ko, we define KC to be the subset of those for which (u,vy) is maximal (with
respect to lexicographic order), and let (u,v) denote this maximal value. Then the total
contribution to (5.8) of all terms with «y, # 0 is equal to

_17+2(1+k)o
n 27420

—20_"717“/(””) log(n)”ezgzl ’W”e/d( Z @Me”j,k,er?:l im g en®/ 0(1))
V2T
(4,k)eK

with ©; ), € @*wk. Since kg +tIm Ko = D, # 0, this concludes the proof of Theorem 6.
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6 Application to EF-approximations

In this section we prove the results on E-approximations stated in the introduction. As a
warm-up, we start in §6.1 with numbers related to the exponential function. Then we prove
Theorem 3 in §§6.2 and 6.3. At last, we discuss in §6.4 the generalization involving (1.8).

6.1 FE-approximations of exponential values

From the Taylor series exp(z) = Y~ %, we can construct F-approximations of e for any

algebraic number «. Indeed, let A, (a) = >";_, %t and B, (o) = 1. Then, > 77 ) A, (o)a™ =
%ﬁf”) and Y7 | By(a)z™ = 1=, so that A, («)/B,(«) are E-approximations of e*. This
readily generalizes to any elements of E, see §6.2 below.

This is not the only way to produce E-approximations of the number e; in particu-
lar, we shall now prove that the convergents of its continued fraction expansion are F-
approximations. In fact, this very property led us to the notion of F-approximations.

Proposition 4. The sequence of convergents of the continued fraction expansion of e (resp.

of 21—1) defines E-approzimations.

Proof. We first provide an explicit expression for certain Padé approximants to exp(z).
For any integer n > 0, the diagonal Padé approximant [n/n] is given by Q,(2)e* — P,(2) =
(—1)" 2 [Hn (1 — t)mertdt = O(2**F1) as 2 — 0, with

n

_ o2n — k\ ¥
_ k _
Qn(z) = ;H) ( . )E and  P,(2) = Qu(—2).
The Padé approximant [n — 1/n] is given by Qn(2)e* — Po(z) = (—1)"22—? fol (1 —
t)e*tdt = O(2*") with

On(z) = Xn:(—nk (2””__’“1_ 1)2—’: and  B(2) ni <2” _n’“ - 1) Z—T

k=0 k=0
Finally, the Padé approximant [n/n — 1] is given by Qn(2)e* — Py(z) = (—1)”% fol t"(1—
t)"e*tdt = O(2*") with

Qn(z) = Py(—2) and  Po(z) = Qu(—2).

We refer to [7] for a proof of these classical facts.
By changing the order of summations, we obtain that, for any z € C and any x such
that |z| < 1/4,

1 2 1 2
E n __ 2(V1-4z—-1) 2 n __ £2(1—v/1—4x)
(Qn 2 = ————=€2 s In 20 = ————=€2 N 6.1
o (2) Vv1—4x p— (2) V1—4x (6.1)
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[e.e]

o 214z — 2\/1 — 4z

Z@(z)x”zl V1—dx o3 (VI—da— 1) ip n_1+\/1_4 5(1—vI—dz)
! 2y/1— 4z — 2y/1— 4z

These identities will be used below.

>

We can now prove Proposition 4. We consider the numerator u,, and denominator v,
of the n-th convergent of the continued fraction [0;2,6,10, 14,18, ...] of the number e—i,
ie., u,/v, = [0;a4,...,a,] with ay = 4k — 2. It turns out that u, = n!(P,(1) — Q,(1 ))/2
and v, = nl(Py(1) + Qn( ))/2. This can be proved by computing the linear recurrence
satisfied by n!P,(1) and n!@,(1), using Zeilberger’s algorithm for instance: it is U, =
(4n + 2)U,, + U,_; for both sequences, which is exactly that satisfied by w, and v, (by

definition), and the initial values coincide. It follows that

2w, sinh((1—+1-4x)/2 =, v, cosh 2
St _ sinh ( D) g S sk (AT

-n i
n=0 n! v 1 —dx n=0 n! v
These generating functions satisfy Definition 4, which proves that the sequence of the
convergents (3*)n>o of &7 L defines F-approximations.

Finally, let us conmder the case of e. Its continued fraction is [2;1,2,1,1,4,1,1,6,...],
with a regular pattern after the second 2. As in [7], one may define the convergents of this
continued fraction by 1;—: =[2;b1,...,b, o] forn >3, with pg =qo=1,p1 =1,¢1 =0 and
p2 = 2,q2 = 1. Then for any n > 0 we have (see [7]):

P3n = n'Pn(1)7 P3n+1 = n'ﬁn(l)v P3n+2 = n'Pn(1>7
q3n = n'Qn(l)a q3n+1 = n'Qn<1)a q3n+2 = n‘Qn(l)

It follows that

S Pn = 3n 3t — 5 3n+2
I MRS WAIEES S
_ 2+x+ 2t +x(z—1)V/1 - 4x36%(17m)
24/1 — 423
and

Z an/T;)J'xn _ Z Qn(l)l’gn + Z @n(1)$3n+1 + Z @n<1)z3n+2
) n=0 n=0

_ 2+x+x2+x(1—x)\/1—4x %(m 1)
24/1 — 423

Again, the generating functions of (L /3J')n>0 and ( /5Jl)n20 satisfy Definition 4, so that

the sequence of the convergents (’;”)nzo of e defines E approximations. ]
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From (6.1), we also deduce that the Padé approximants [n/n] of exp(z) define E-
approximations of e* for any a € Q, because it is known that lim,, P, (2)/Qn(z) = exp(z)
for any z € C. We now give a proof of this fact which is an instance of the general
asymptotic arguments presented in §5. The generating function for @, (z) can be written
as %f(z z)+ g(z,z), where f(z,z) and g(z,z) are entire functions of z, and f(z, 1) =

f(—=z, 4) # 0. Hence, by a standard transfer principle, the asymptotic behaviors as n —
+00 of @,(2) and P,(z) are deduced from the behavior of their generating functions as

T — }L: we get
De(1) =t ().

Qn(z) ~ e_z/Qf(z, 1

. Pn(z) . z
It follows that lim,, o) = ¢

6.2 Construction of numbers with F-approximations

In this section, we prove the first part of Theorem 3, namely that any element of

EUT(Q)

——— UF
EUF(Q)U rac G

has F-approximations. As mentioned in the introduction, this is true for any element of
Frac G. To complete the proof, let us construct for any £ € EUT(Q) a sequence (P,), as
in Definition 4 with lim,, ,., P, = &.

If ¢ = F(a) where a € Q and F(z) = Y o 2" is an E-function, we define P, € Q

by
Z P,2" =
n=0

iZF(az).

Then, trivially,

P, = %akHF(a)zf.

k=0
If ¢ =T'(a) with o € Q \ Z<g, we consider the F-function

[e.9] n

Ea(z) = Zo n!(nz—i— a)

and define P, («) as announced in the introduction, by the series expansion (for |z| < 1)

b (155) -G e

n>0
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fhen P [nta) (-1
nle) = ; (k+ a) Kk + )

(by direct manipulations) and, provided that o < 1,

lim P,(a)=I(a)=¢.

n—-+o00

To see this, we start from the asymptotic expansion
= 21— a)n

in a large sector bisected by any 6 € (-7, 5), whic h is a spemal case of Theorem 5 (proved
directly in [22, Proposition 1]). Since exp (— %) = )as z — 1, |z] < 1, it follows that

ﬁEO‘(_liz) 1(_,1 O<|1_1 B >+O(1)

as z — 1, |z| < 1. The result follows by a standard transfer result since o < 1; this example
is of the type covered by §5.2.3 with a; = 0.
From the differential equation zy”(z) + (a+1— z)y (2) — ay(z) = 0 satisfied by E,(z),

z

we easily get the differential equation satisfied by WE (— 1_Z):

Eo(—2) =

(328 = 2* =322+ 2)y"(2) + (5% — 42° — 22°a + 82" + 1 + a — Bz — 4za)y/(2)
+ (= 1-22" = 32%a+ 2z — o+ 4za — o® + 220° — 2°a®)y(z) = 0. (6.3)

This immediately translates into a linear recurrence satisfied by the sequence (P, («a)):

(n+3)(n+ 3+ a)P,3(a) — (3n* + 4na + 14n + o® + 9a + 17) P, 5(a)
+@Bn+5+2a)(n+24+ a)Pupi(a) —(n+2+a)(n+1+a)P(a) =0 (6.4)

with Py(a) = L, Pi(a) = 4250 and Py(a) = Houibertialial,

6.3 Properties of numbers with E-approximations

Let us prove now the second part of Theorem 3, namely that any number £ € C* with

FE-approximations belongs to
EUT(@Q)-G)
EU((Q)-G)

U (F(Q) -exp(Q) - Frac G).

The proof is very similar to that of [11, §6.2] so we skip the details. Let (P,,Q,) be E-
approximations of £ € C*. If (P,) has the first asymptotic behavior (5.1) of Theorem 6,
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then so does (@,) with the same parameters d, ¢, u, v, and the sum is over the same

non-empty finite set of §. Therefore £ = g?gg "f’% € I'(Q) - Frac G, using Eq. (1.5).

Now if (P,) satisfies (5.2) then so does (@) with the same parameters q, u, v, K1, ...,
Kq—1 (since we may assume that d is the same), and the same set of (01, ...,60;) in the sum.
fvo=r=...=Kq e = 0 and a term in the sum corresponds to #; = ... = 6,_1 = 0, then

£ = zzd € giggg ,else £ € T(Q) - exp(Q) - Frac G (using Eq. (1.5)).
..... 04

6.4 Extended E-approximations

Let us consider the E-function

E(z) = Z;Tn'

n=1

We shall prove that the sequence (P,) defined in the introduction by

log(1 — z) 1
1—-2 _l—ZE( 1—2) ZPZ € Qllz

provides, together with @),, = 1, a sequence of E-approximations of Euler’s constant in the
extended sense of (1.8). It is easy to see that

n

Po=Y (-1t ()m Zk > (Z);(“%)

k=1 k=1
. . . . 1 k— 1
where the second equality is a consequence of the identity > p_ + = >0 (=1)F1(})1.

We now observe that E(z) has the asymptotic expansion

B(—2) ~ —y —log(z) — ¢~ Z(—mzﬁl (6.5)

n=0

in a large sector bisected by any 6 € (—m, ) (see [22, Prop. 1]; this is also a special case
of Theorem 5). Therefore, as z — 1, |2]| < 1,

1 E<— 2 >+log(1—z): o + o).

1—=2 1—=2 1—2z 11—z

As in §6.1 in the case of T'(«), a transfer principle readily shows that

lim P, =

n—-+o0o

Since E(z) is holonomic, this is also the case of w — IleE (—l—fz) The latter function
satisfies the differential equation

(32% —2' =327+ 2)y"(2) + (1 = 52+ 82" —42°)y/(2) + (— 22 + 22 — 1)y(z) = 0. (6.6)
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This immediately translates into a linear recurrence satisfied by the sequence (P,):
(n+3)*Pnys— (3n* + 14n +17)Poyio + (n +2)(3n+5) Py — (n+ 1) (n+2)P, = 0 (6.7)

with Pp =0, P, =0, P, = i. The differential equation (6.6) and the recurrence rela-
tion (6.7) are the case o = 0 of (6.3) and (6.4) respectively.

Let us now prove that any number with extended E-approximations belongs to

(E-log(Q))US
(E-log(Q))US

as stated in the introduction. Let P(z) = >_>° , P,z" be given by a finite sum

=) aijrelog(l = Ai(2)) - Bu(2) - Eo(C(2)) (6.8)

i7j7k7’g

(exp(@) Frac S> ,

where a; ;s € Q, Ai(2), Bi(2),C(z) are algebraic functions in Q[[2]], 4;(0) = C(0) = 0,
and Ey(z) are E-functions. If there is only one term in the sum, the conclusions of Theorems
3 and 6 hold and their proofs extend immediately, except that E has to be replaced with
E -1log(Q") in §5.2.1 and 5.2.2, and therefore in (1.7) and (5.3). Otherwise, we apply a
variant of Lemma 2 to each E- functlon Ey(z), obtaining exponential terms e“¢*: for each
k we write sufficiently many terms in the asymptotic expansion before the error term o(1)
(and not only the dominant one as in §5). Theorem 2 asserts that all these terms are of
the same form, but now the constants w belong to S. Combining these expressions yields

= 3" e O (2) (log Vi(2)) ™ (1 + o(1))

k=1

as z tends to some point (possibly co) at which C' is infinite; here Uy, Vi are algebraic
functions, v, € N, and wy, € S. However there is no reason why wy, would belong to I'(Q) - G
in general, since it may come from non-dominant terms in the expansions of E,(z), due to
compensations. Upon replacing I'(Q) - G with S (and E with E - log(Q") as above), the
proof of Theorems 3 and 6 extends immediately.

To conclude this section, we discuss another interesting example, which was also men-
tioned in the introduction. It corresponds to the more general notion of extended FE-
approximations where the coefficients of the linear form (6.8) are in E and not just in
Q. Let us consider the E-function F(z?), where F(z) = Y.°7 2"/n!%. It is solution
of an F-operator L of order 2 with another solution of the form G(2?) + log(z?)F(2?)

where G(z%) = =23, 1+3 :,2 a2 is an E-function (in accordance with André’s the-
ory). Then,
I U I o G 1% "
A



with

- 1
k
Av=(=1) nz; nl(n+ k)

It is a remarkable (and known) fact that the sequence (Ay) satisfies the recurrence relation
Apr1 = kAp + Ag_1, Ao = F (1), Ay = —F’(1). This can be readily checked. It follows that
Ap = Vi F(1) — UpF'(1) where the sequences of integers Uy, V) are solutions of the same
recurrence.

Hence, the sequence Uy /Vj is the sequence of convergents to F'(1)/F’(1) whose contin-

ued fraction is [0;1,2,3,4,...]. Moreover, we have
Z_( k)' Ukzk:aF(1—z)+bG(1—z)+blog(1—2)F(1—2)
n=0 ’
) _1)k
Z( k)‘ szk:CF(l_Z)_|_dG(1—z)+d10g<1—Z)F(1—Z)

n=0
for some constants a, b, ¢, d, because both generating functions are solutions of an operator
of order 2 obtained from L by changing z to /1 — 2. The conditions V), =1,Uy =0,V; =
0,U; = 1 and Ay = VpF(1) — UiF’(1) translate into a linear system in a,b,c,d with
solutions given by

9 f
— h=—
a aF 3 ,g/GE, aF 5 g/EEv
f+9 f!
I c d_ c
‘ gf' == rfg " gf' == rfg "

where f = F(1), f' = F'(1),g = G(1),¢' = G(1). We observe that gf — f2— f¢ € Q
because it is twice the value at z = 1 of the wronskian built on the linearly independent solu-
tions F'(2%) and G(2%)+log(2?)F(2?). Tt follows that Uy, /V; are extended E-approximations
to the number F(1)/F'(1) with “coefficients” in E, but not in Q (because the number f
was proved to be transcendental by Siegel).
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