RADIAL BEHAVIOR OF MAHLER FUNCTIONS

M. POULET AND T. RIVOAL

ABSTRACT. Many papers have been recently devoted to the study of the radial behavior
as z — 17 of transcendental r-Mahler functions holomorphic in the open unit disk. In
particular, Bell and Coons showed in 2017 that, in a generic sense, r-Mahler functions
behave like (1 + 0(1))C(2)/(1 — z)? for some p € C and C(z) is a real analytic function
of z € (0,1) such that C(z) = C(2"). They did not provide a formula for C(z) which
was made explicit only in a few examples of r-Mahler functions of order 1 and 2, and
for specific values of r. In this paper, we first provide an explicit expression of C(z) as
an exponential of a Fourier series in the variable loglog(1/z)/log(r) for every r-Mahler
function of order 1. Then, extending to a large setting a method introduced by Brent-
Coons-Zudilin in 2016 to compute C(z) associated to the Dilcher-Stolarsky function (a
4-Mabhler function of order 2 in Q[[z]]), we provide an explicit expression of C(z) for every
r-Mahler function of order 2 under mild assumptions on the coefficients in R(z) of the
underlying r-Mahler equations. This applies in particular to the generating function of the
Baum-Sweet sequence. We do the same for r-Mahler functions solutions of inhomogeneous
Mabhler equations of order 1.

1. INTRODUCTION

1.1. Context. We fix an integer » > 2. A r-Mahler function of order d is a formal series
f € C[[z]] which is solution of a r-Mahler equation of order d, that is a functional equation
of the form

d
S plely") =0 (11)

where the p;’s are in C[z] and pops # 0. (From now on, we will drop “r-” in front of
Mahler when we refer to functions or equations because there will be no ambiguity.) If
there exists a formal solution f € C[[z]] of then, unless f(z) is a rational function,
f(z) is a transcendental function holomorphic at z = 0, meromorphic in the unit open disk
D(0,1) and the unit circle is a natural boundary for f (this is a theorem of Randé [I7,
Theorem 4.3]; see also [6]). The generating functions of automatic sequences with values
in C (generated by a finite-state automaton) are known to be r-Mahler functions for some
r > 2 (which can be any integer such that the r-kernel of the sequence is finite), but the
converse is not true, see [3].
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When f is meromorphic in D(0, 1), many papers have been devoted to understand the
asymptotic behavior of f(z) as z — 1 radially, and more generally as z tends radially to z of
modulus 1 (usually, zj is a root of unity). For instance, Bell and Coons proved the following
result. Let a; := p;(1) and let P(X) be the characteristic polynomial ag X+ - -+a4_1 X +aq
of (L.I). Assume that agaq # 0 and that P(X) has only one non-zero root of greatest
modulus and let A be this root. Then [5, Theorem 1] provides the following asymptotic

result for a solution f of (1.1)):

C(z

£lz) = %(1 to(l), 21 (1.2)
They proved in particular that the function C(z) is real analytic in (0, 1), such that 0 <
c1 < C(z) < ¢ < oo for some constants ¢y, co that depend on f, and C(z) = C(2"). But
they did not give an explicit expression for C'(z). An asymptotic expansion like in has
many applications, for instance in transcendance theory or to compute effective solutions
to Mahler equations; see [11 4] [§].

In this paper, we shall be interested in making more precise Bell and Coons’ result
by giving explicitly the function C(z) in the form of the exponential of a Fourier series
in the variable loglog(1/z)/log(r). This is already a difficult task for Mahler functions
of order 1 and our first main result deals with this case in full generality. A general
treatment of Mahler functions of order > 2 seems currently out of reach, though results
have been obtained in special cases. We shall also determine C(z) associated to Mahler
functions solutions of an equation of order 2 with relatively mild assumptions on the
coeflicients p;(z) of this equation, though we emphasize here that they are not necessary as
the example analysed in detail in 7] shows. Our final result will deal with the intermediate
case, i.e. Mabhler functions solutions of an inhomogeneous Mahler equation of order 1,
y(z) = p(2)y(z") + q(2) with p(z),q(z) € C(2): again, we shall determine C(z) with
relatively mild assumptions on p(z) and ¢(z).

The problem of making explicit C'(z) for Mahler equations of order > 3 is open in full
generality; the methods of the present paper can in principle be adapted to this case as
well but with stronger and stronger restrictions on the coefficients p;(z) when the order
of the equation increases. Our method is an elaboration of that used by Bell, Coons and
Zudilin in [7] for the generating series of an analogue of Stern sequences, introduced in
[11]. Roughly speaking, their main idea is to deduce the asymptotic behavior of a Mahler
function y(z) from that of y(z)/y(2"): the latter satisfies a non-linear Mahler equation of
order 1 when y satisfies a linear Mahler equation of order 2, which greatly simplifies the
analysis. We refer to Sections [1.2] and of this introduction for the statements of
our results for Mahler equations of order 1, order 2 and order 1 in the inhomogeneous case
respectively.

Notations. In this paper, r is an integer greater than or equal to 2. We define log(z) =
In|z| + iarg(z) with the principal determination of the argument —7 < arg(z) < 7 and
log,(z) := log(z)/log(r). Of importance in the sequel is the polylogarithm function defined
by Lis(a) := Y2, a"/n® for any s € C and any a € C such that |a| < 1. The analytic
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continuation of this function with respect to s and/or a was studied by Jonquiere [14].
The (meromorphic continuations of the) Gamma function I'(s) := O+O° ts"te7tdt and of
the Riemann zeta function ((s) := >, 1/n® will also be used. We shall need the following
facts. If s € Z<p, Lis(cr) reduces to a rational function of a with only one pole, at o = 1.
If 0 < |a| < 1 is fixed, Lig() is an entire function of s. If s is fixed and R(s) > 0, then

Lis(«) is an analytic function of a € C\ [1,400), and in fact it is a holomorphic function
of (s, «) in this region. We set {(«) := ‘%;);S(O‘)‘s:l, which is analytic in « € C\ [1, +00). In

particular,
Lij.(a) = —log(l — a) + (a)z + O(2?), z—0.

For any r € R, we set D(0,7) :={z € C: |z| <r}and H, :=={z € C: R(z) > —r}. We
denote vy(f) the order of vanishing of a formal series f(z) € C[[z]]: it is the largest integer
v € N such that f belongs to 2*C[[z]]. Finally, in a big O estimate of the form O.(f(z)),
the presence of € means that the implicit constant depends on ¢.

We now review our main results in the following three subsections.

1.2. Mahler equations of order 1. The setting is as follows. We consider a Mahler
equation of order 1:

y (2") = P(2)y(2) (1.3)
where P € C(z) is such that P(0) = 1. We write
[[imy (1 = 0i2)
P(z) = ==
L =)
where «;, 8; € C\ {0}. Since P(0) = 1, we know that

f(z):= I_IP(,z’"k)f1 (1.4)

is a solution of , holomorphic at z = 0 and meromorphic in the open unit disk.
Conversely, any function of this form is solution of an equation like (1.3). We want to
understand the asymptotic behavior of the Mahler function f(z) when z — 1~ radially.
We shall consider this problem only when none of the o’s and 8’s are in |1, 400[. Otherwise
f(2) has a sequence of real zeros or poles accumulating at z = 1 and we cannot say much.

In order to do that, we first look at the case P(z) = 1 — az, a # 0, and the Mahler

function f,(2) == [[;25 (1- azrk)_l, where the integer r > 2 is fixed from now on. We

use the change of variables z = e™® with s > 0.

Theorem 1. For all « € C\ [1,400), a # 0, and any sufficiently small s > 0, we have

fale™®) = exp (pi(a, s) + ¢a(a, ) + p3(a, ), (1.5)



where

In(r) w0y In(r) )
— (-1 1 n

TS S LAY
n=1

log(l—a) l(a)
2 i In(r)

The function exp(p1(«, s)) is invariant under the change of variables s +— rs.

p3(a, 5) = (7 +1In(s)) log, (1 — a) —

The “sufficiently small” condition on s depends on a and will be made more precise
in the proof. Our method does not technically work for o« = 1, where a kind of “phase
transition” occurs: a single pole becomes a double pole and the analysis of the situation
must be performed differently. It turns out that this analysis was done long ago by de
Bruijn [10] who obtained the following result: for every s such that 0 < s < 277, we have

_eny  In(s)? 1
log (f1(€ )) - 2111(7,) - 5111(8)
1 2kt 2kt 2mki s"
+m Z F<W>C<1+ln( >)S ln(r)—i—zn'nrn_l (16)

keZ\{0}
where (B,,)n>1 is the sequence of the Bernoulli numbers. In other words,

e(Inin(1/2))?/(2In(r))
filz) = C(z)1+o0(1), z—1" (1.7)
In(1/2)
where C'(e™*) is the exponential of the Fourier series in (L.6). Observe that the expansion
(1.7) is not of the form covered by [5 Theorem 1] because the characteristic polynomial
of y(z) = (1 — 2z)y(z") is X, which is not admissible because the assumption apay # 0 is
not fulfilled. It is possible that could be deduced from by letting a — 1 in a
suitable way, but this seems a non-trivial task. The Fourier series involving the I'" and ¢
functions in is invariant under s — rs, and is an analogue of ¢ (a, s) in Theorem [1]
From Theorem (1], we deduce the following consequence.

Corollary 1. Let ay,...,qn, B1y---,Bm in C\ [1,400). For any sufficiently small s > 0
(with respect to the a;’s and B;’s), we have

n

f(e_s> = exXp <Z (SOI(OZJ'? S)"HPQ(O‘W )+§03 a], Z QDI 6j7 +902(/3J’ )"H;OB(ﬁjv S))>’

J=1

where f(z) is defined in (1.4)).
Moreover, in this formula, it is possible to enable some of (or all) the a;’s to be equal
to 1, respectively some of (or all) the f5;’s to be equal to 1, provided the corresponding term
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1(0y, s) + @a(ay, s) + ps(ay, s), respectively the corresponding term ¢1(8;, s) + @2(8;, s) +
w3(Bj,s), are replaced by the right-hand side of (|1.6]).

Remark 1. e In particular, the function C(z) (z € (0,1)) in the Bell-Coons asymptotic
expansion ([1.2)) (see also [9] in this “order 1”7 case), is given in our situation by

Cle) = exp (1 (prla ) +10g, 1 - ay) - PELZ 03] )

J=1

=3 (o) + 2108 1-5) - o))

using instead, when some of the «;’s or §;’s are equal to 1, the series over k € Z\{0} in (L.6)).
It is clearly invariant under s — rs, which corresponds to the invariance C(z") = C(z2),
and for all z € (0,1), we have 0 < |C(2)| < +00. Moreover, for z > 0, z — 17, we have
o C)(1 +o(1)) e
(1 — o)y o, (=B~ Tog (1=a;) (1 — 2)1o8, (1/P(1)

(1+0(1))

when none of the «;’s or §;’s is equal to 1.
1.3. Mahler equations of order 2. The authors of [7] studied a 4-Mahler function
F(z) =142+ 42"+ 4+ 422+ 210+

which is a solution of the Mahler equation of order 2: y(z) = (1 + z + 22)y(2*) — 2*y(21°).

This function had been introduced in [II] where it is proved that its coefficients are in

{0,1}. In [7, Proposition 1], the asymptotic behavior of F'(z) is given as z — 1~ radially.

The second aim of this article is to extend the approach of [7] to a general context. The

function F'(z) satisfies all but Assumption (H1) below, but see the remarks after Theorem 2]
Given an integer r > 2, we consider Mahler equations of order 2 of the form

y(z) = al2)y(z") + b(z)y(z") (1.8)

For instance, Assumptions (H1)—~(H6) hold () when a(z) = 1+ rz/2 and b(2) = 2. If they
hold for a particular instance of , then (H6) shows that there are only finitely many
integers s > r such that they also hold for the equation y(z) = a(2)y(z*) + b(2)y(z*).
Without loss of generality, we shall assume that (1) > 0, otherwise necessarily b(z) = 0

! Throughout the paper, when we write “(Pn)—(Pm) hold” where P€{A,H} and n < m are integers, we
mean that for k = n to m, all the assumptions (Pk) hold simultaneously.
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identically and (|1.8)) reduces to a Mahler equation of order 1. Hence, (H6) for z = 1 implies
that

0<7b(1) < a(l)? < p?

where p1 := (a(1) + \/a(1)? + 4b(1))/2 is the largest root of the characteristic polynomial
X? —a(1)X —b(1) (these roots are real numbers because a(1)? +4b(1) > 0). Let us define
a > 1 such that r*b(1) = a(1)%. We still have r*b(1) < u?.

We shall prove in Proposition |1} in that the Mahler equation has a solution
f(2) holomorphic on the open unit disk, which is unique up to a multiplicative constant
equal to f(0). Without loss of generality, we assume that f(0) = 1 so that, as we shall
prove, all the Taylor coefficients of f(z) are in RT and f(z) > 0 for every z € [0,1). As
in 7] for the function F(z), to inspect the asymptotic behavior of f(z) when z — 17, we
introduce p(z) := f(z)/f(z") which is well defined and positive for z € [0,1) and we set

M(s) ::/0 Ooln(,u(e_t))ts_ldt,

which is defined for s € Hy, as we shall see in Section Note that p(z) is a solution
of the non-linear Mahler equation y(z) = a(z) + b(2)/y(z"), which together with the value
1(0) = 1 completely determines p(z) without making reference to the function f(z). We
shall prove the following result.

Theorem 2. Under Assumptions (H1)-(H6), M(s) can be meromorphically continued to

Humin(a,2) (With simple poles at s =0 and s = —1) and there exist explicit constants cy and
c1 such that, for any € > 0, we have
fle™) =
(10, (1) n(1/5) + o + Loy M(Zm) TH - eys 4+ OL(s00D79) ) (1.9)
exp ( lo n(l/s) +co+ —— s WM + s (s ’ , .
p gr(H1 0 In(r) S n(r) 1

when s >0, s — 0.

Remark 2. e The proof shows that ¢y = Ko/ In(r) 4+ In(u1)/2 where kg is the constant term
in the Laurent expansion of M(s) at s = 0, and that ¢; = p}/((r — 1)p1) where ] is the
left-derivative of u(z) at z = 1 (that will be proved to exist and to be finite).

e The series over k € Z \ {0} in converges absolutely for all s > 0 and is invariant
under the change of variables s — rs. As a consequence of , the function C'(2) in (1.2))
is given by

1 2rki 2rki
- — _— _111(7')
C(e™®) = exp (co + In(r) E M(ln(r)>s ) (1.10)
and, for z > 0, z — 17, we have

f(z) =



e The core of the method in [7] is to prove that u(z) > 0 for all z € [0,1), and that

,u(e*s) = jy — Slull + (/)(Srnin(cz,2)>7 Iu/(efs> _ Iull + (/)(Smin(ozfl,l))>7 Iu//<€fs) — O<Smin(a72,0))

(1.11)
as s — 07, for some constants o > 1, u; > 1, g} > 0. We shall prove that such esti-
mates hold under assumptions (H1)-(H6). An asymptotic expansion of the form in
Theorem [2] can then be obtained by methods of Analysis of Singularities, using standard
properties of the Mellin transform. Our method to prove follows the steps of [7], but
is often different on the verification of the technical details.

e Our assumptions (H1)—(H6) on the rational functions a(z) and b(z) are sufficient to
ensure that holds, but they are not necessary. For instance, (H2)-(H6) hold for the
specific function F'(z) examined in [7], and not (H1). Nonetheless, these authors directly
checked the validity of in this case and proved an expansion of the form for

e (H1), (H2), (H4) and (H5) ensure that has a non-trivial solution in R[[z]] with
radius of convergence 1 and with Taylor coefficients all of the same sign or 0 (see Proposition
in , which is a crucial property for us in order to define the function p(z) for all
z€[0,1).

e We could also assume (H3)—(H6), the existence of a non-trivial solution with Taylor
coefficients all of the same sign or 0, b(1) # 0 and not necessarily (H1) or (H2). Our proof
of Theorem [ would still work (see the footnote in Lemma [10). Such assumptions are
satisfied by the function F(z).

e We shall also prove in §|that (H1)—(H5), but not (H6), hold for the generating function
of the celebrated Baum-Sweet sequence. We will then directly check that holds so
that Theorem [2| can thus also be applied to this generating function. The specific method
used in this case could likely be used in other interesting situations.

1.4. Inhomogeneous Mahler equations of order 1. Between Mahler equations of or-
der 1 and those of order 2, lies the class of inhomogeneous Mahler equations of order 1:

y(z) = p(2)y(2") + q(2) (1.12)

where p(z), ¢(z) € C(z). A solution of such an equation is also solution of a Mahler equation
of order 2. Before [5], a few results had been obtained in the literature concerning the
asymptotic behavior as z — 1~ of holomorphic solution in D(0, 1) of such inhomogeneous
equations. For instance, Hardy [13] examined the series Y - /2™, solution of the equation
f(z) = f(2") + z; we recall his result in So far, there is no uniform treatment of
solutions of and, in spirit of the results in , we now present a general result
when p(z), q(2) are in R(z) and satisfy the following assumptions:

(A1) p(2),q(z) € RT[[2]};

(A2) ¢(0) = 0;

(A3) p(z) and ¢(z) are defined at z = 1:
(A4) p(z) and ¢(z) have no pole in D(0,1);
(A5) p(1) >r
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These assumptions are satisfied by p(z) = rz 4+ 1 or p(z) a constant > r, and ¢(z) = z for
instance.

Remark 3. e Though this is not necessary strictly speaking, we shall also assume that ¢(z)
is not constant because otherwise it must be identically 0 by (A2). The problem then
reduces to the study of a Mahler equation of order 1.

e It is also possible to relax (A2) to “(A2*) p(0) = 0 or ¢(0) = 0”, and Theorem |3| below
still holds. The only new case with respect to (A2) is “p(0) = 0 and ¢(0) # 07, the solution
f(2) to consider being given by below. We will not give the details in this case; it
requires only minor changes to the proof when the assumption ¢(0) = 0 is used.

e Assumption (A1) can be dropped if we know in advance that we work with a solution
f(z) € R[[#]] of with Taylor coefficients all of the same sign.

We shall prove that, under (A2)—(A4), (1.12) has solutions in C[[z]] which turn out to
be holomorphic in the open unit disk D(0, 1). If p(0) = 1, then the solutions are given by

F) = fo[[pE") +D pp(") - pz" a(z™), (1.13)

where fy is a free parameter, which turns out to be equal to f(0). On the other hand, if
p(0) # 1, then necessarily f(0) =0 (by (1.12) evaluated at z = 0) and the unique possible
solution in C[[z]] is then given by

f(z) = p(E)p(") - p(z" Da(z"). (1.14)

Hence, in all cases the choice of f determines a unique solution f(z) € C[[z]] of (L.12).
We shall assume that f, > 0, so that (Al) implies that f(z) € RT[[2]] (}). We define
w:=1v(f) > 0. if w>1, then w = vy(q). We have f(z) = f,z* + O(z**) with f, > 0,
and we normalize f(z) by defining f(2) = f(2)/(f.2%) € 1 + z2R*[[z]].

We define 7i(z) := f(2)/f(z") = 2D f(2)/f(2") € 1 + 2R[[2]]. For all z € [0,1), we
have fi(z) > 0. We set

M(s) ::/0 Ooln(ﬁ(e’ﬁ)t“ﬂt,

which is defined and analytic for s € Hg as we shall see in §5] We set 7 := log, (p(1)) > 1
(by (A5)).

Theorem 3. Under Assumptions (A1)-(A5) and fo > 0, M(s) can be meromorphically
continued t0 Hmin(n,2) (with a simple pole at s = 0) and there exist explicit constants ¢,

2If one takes fy < 0, the positivity of the Taylor coefficients of f (2) is no longer guaranteed and this
leads to various complications we don’t know how to overcome in a simple manner.



and ¢y such that, for any e > 0, we have

fle™) =

1 — 7 21ki 2mhi )
~ — i -~ min(n,2)—e
exp <nln(1/s)+00+ln(r) g M<ln(r)>s ) 415 + O (s™V )>, (1.15)
keZ\{0}

when s >0, s — 0T,

Remark 4. e The proof shows that ¢y = Ko/ In(r) + In(p(1))/2 where Ky is the constant
term in the Laurent expansion of M\(s) at s =0, and that ¢, = w + p'(1)/((r — 1)p(1)).

e The series over k € Z\ {0} in converges absolutely for all s > 0 and is invariant
under the change of variables s — rs. As a consequence of (1.15]), the function C(z) in

(1.2)) is given by

ooy ()

keZ\{0}

and, for z > 0, z — 17, we have

C(2)
f(z) = (1 — 2)log (1)

(1+ o(1)).

e Our assumptions (A1)—(A5) on the rational functions a(z) and b(z) are sufficient to
ensure that (1.11)) holds (with p(z) replaced by fi(2)), but they are not necessary. On the
other hand, a solution of the equation y(z) = p(2)y(z") + ¢q(z) is also a solution of

y(z) = q(2) +q ((1%)19(2) y(2") — Q(ZEZE)ZT) y(2).
By (A2), q(z)p(z")/q(z") has a pole at z = 0 and Theorem [2| cannot be applied. Hence,

Theorem |3| enables us to determine the asymptotic behavior as z — 1~ of certain solutions
of Mahler equations of order 2 that do not fall under the scope of Theorem [2]

The rest of the paper is organized as follows. The aim of §2]is to prove Theorem [I} We
first present in §2.1] various lemmas used for the proof of Theorem [I] given in §2.2l We
adopt the same presentation in §3] where lemmas are first proved in and then Theorem
is proved in §3.21 In §4 we show how to adapt the proof of Theorem [2] to the case of the
generating function of the Baum-Sweet sequence. In §5], we first recall a classical result of
Hardy on the series Y, 2" and then we give the proof of Theorem [3} as it is similar to
the proof of Theorem 2, we adopt a less formal presentation. Finally, in §6.1, we present
interesting Mahler functions of order 2 to which our results can not be applied, and in
we display a strategy to extend our theorems to Mahler equations of higher order.

Acknowledgements. Both authors have been partially supported by the ANR project
De Rerum Natura (ANR-19-CE40-0018) for this research.
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2. PROOF OF THEOREM [1]

2.1. Preparatory results. We assume for the moment that o € (—1,1) and s > 0 are
real numbers; the assumption on « can be relaxed in certain lemmas proved below, while
s can be subject to certain restriction that depend on a. We define

Gan(s) :=— Zlog (1 - aexp(—srk))

k=0
and since we deal with real numbers, we have

lim Gan(s) =In(fa(e™®)).

n——+00
For simplicity, we set G, (s) = In(fa(e79)).

Lemma 1. Fiz o € (—1,1), s > 0. For any a > 0, we have

a+001 :
Gaols) = L/ S_Z—F<Z)Lll+z(a) dz.

271 ) g ooi 1—r—=

Proof. We have

—+00 400 400
—Zlog(l—aexp(—s ZZm Lymesr'm
k=0 k=0 m=1
Using the Cahen-Mellin formula (see [10])
" 1 a+o0ot .
e =5 . ['(z)w™*dz fora>0,w >0, (2.1)
and the fact that
a+ooi T00 +00
/ Z Z ‘F(z)m’lozm (sr*m) 72‘ dz
a=0%h  k—0 m=1
a+-o001 JFOO +oo
/ Z ’F sr m ‘ dz < +o0,

00 k=0 m=1
we have
1 a+ooi +00 +00 .
Ga(s) = — L'(z)m™ta™ (srfm) ~ dz
=5 [P TEm e (srtm)
k=0 m=1

because the interchange of integral and series is justified. Now, the series on k is a geometric
one and the series on m is a polylogarithm, so that

1 [ T(2)Lij.(a)
Gule) = 5 [ e

as expected. O

—001

We now want to shift the vertical line a + Ri¢ to the left in order to obtain another
expression for G, (s). We need a few lemmas, that hold for @ a complex number.
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Lemma 2. Let a € C be such that 0 < |o| < 1. Then,

L it R(2) > -1

i1, ()] < 1-la| 1— (2)—-1 i
L ()] < { C(2) (1 —R(2)) R(= (eln(1/|oz|)) )71 Gtherwise.

Proof. We recall that

+00 am

Lipa(o) =Y ——.
+

n:ln :

— _lo®

= —mwe < |af". For the second case,

. . n
The first case is clear since |n°f —

Liveo(@)] < max (s ) €@).

>1

Let t :=1—%R(2) > 2 and y := |a| < 1. The maximum of the function u : z — y*z* for

x> 01is y y .
u(— ln(y)) B (Tn(y)) ’

which concludes the proof. Il

Lemma 3. Assume that o € C is such that 0 < |a| < 1. Let s be such that 0 < s <
rin(1/]al). We have
1 —n+1/2+ooi F L ;
lim — S_ZM dz = 0.
n—+00 210 J 111 /9 oci 1—r—=
Proof. We introduce

190 L(1/2 = n 4 yi)Ligja_piyi()
N n—1/2—yi n+yt
L, (a) = /Rs /2=y o dy .

We have

1 1
0 (1/2 = n+yi)]? = —— a

cosh(my) 17—‘[ (k= 1/2) + 1) = cosh(ry) 1/4(n — 1)!12”’
k=1

and, from Lemma [2| for n > 2,

’LiS/Z—n—i—yi (CY)‘ S C(Q) (TL + 1/2>n+1/2 (6 1H(1/|Oé|))
For n > 2, we obtain

—n—1/2

L ()] < — R N s V) o
n\&¥)| >
In (1/|a]) \rin(1/|al) -1 21
=d(n)
with ¢ := 2y/7((2) e—1/2 fR N dy < 400. From Stirling’s formula,
COS. 7Ty
1/2
d(n ¢

Y
n—+4o00 2
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and, since 0 < s < rln(1/|a|), we have lim I, (a) = 0. O

n——+

Lemma 4. Assume that o € C is such that 0 < |a| < 1. Let s be such that 0 < s <
rin (1/|a|) and write

1 —1+4n1 r Li ;
Jn (Oé) = 2— S_z—<z> lltz(a) dz.
T ) _soni 1—r

We have
lim J,(a)=0 and lim J,(a)=0.

n—-+oo n——oo

Proof. We study the following integral:
+OO . _ . .
/ Sz—m‘r(nl )Ly g i) de.
1

1— Tzfm'
Let z > 1. We have:
r—ni S 2£

s
1—pz—nt T

e |Lit_ppni(@)] < C(2)(1 4 2)"* (eln(1/]a]))"' " for > 1 from Lemma ,
e '(ni—z)=mi—az—1)I'(ni—z—1) and

I'(ni—x—1) ~V2r(ni —x — 1)m—fﬂ—3/2e—ni+1+x

as r — +o00. Hence,

€z+1
—narg(ni—z—1)

I'(ni — z ~ 21 e
w1

It remains to study

1/]a| 14 xz)2 + n?
<1
If n > 0 then —narg(ni—z—1) < —n7, which is negative. If n < 0 then —n arg(ni—r—1) <
ny, which is also negative. We obtain the desired result. U

Lemma 5. Assume o € C is such that 0 < || < 1. Let s >0 and a > 0. Let
1 [ T(2)Lij.
K, (a) := —/ sz—(z) e=(2) dz.
270 J 14y 1—r—=

There exists an increasing to +oo (resp. decreasing to —oo) sequence (uy), oy (T€SP.
(Vn)pen) such that u, € N (resp. v, € Z<o) and such that

lim K,, (0) =0 and lim K, (a)=0.

n—-+0o n—-+o0o
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Proof. We want to avoid the poles of ——-— for x € [—a,1]. We have

ra;+ni —1

ztin _ 1|2 r?® —2r%cos (nln(r)) + 1

> sin? (nln(r))
(because the minimum of X? — 2X cos (nln(r)) + 1 is attained at X = cos (nIn(r))).

Now % ¢ Q otherwise we would have e™ € Q (a contradiction), so that by Weyl’s
equidistribution theorem, there exists an increasing sequence (u,), .y such that u, € N
and such that |r®T»" — 1| > 1/2 for all n € N. Moreover,

o [Lit-syus0)] < g by Lemma )

|r

1-|af
b |F(nl - I>| ~ 271'696’71@' — x|_(x+1/2)€—narg(m'—x).
n—+400

Since if n # 0, —narg(ni — x) < —|n|c where ¢ is a positive constant, the first point is
proved. The second point is similar. U

Lemma 6. Let « € C\ [1,400). Let w, be any number in (0,7/2) if || < 1, and any
number in (0, arctan(] arg(a)|/In|al|)) if || > 1. Then, for any y € R, x > 0, we have

ID(@ + i) Ligsyi ()] < e ¥ L, (2)
where
+o00 um—l
I,(z) = |a|/ ————du < +o00.
0 |eue

w_a|

Proof. For any a € C\ [1,400) and any s such that R(s) > 0, we have

a +o0 2fs—l
Lis(a) = = dt.
i (@) ['(s) /0 el —

(This provides the analytic continuation of Lis(«) to this region.)
If || <1, then e’ — « vanishes for no ¢ such that %(¢) > 0. Then, by Cauchy’s formula,

we have
400 s—1 e’ oo s—1
t t
/ ; dt = / ; dt
0 e —a 0 et —

400 s—1
; u
= ezws/ BT TE— du
ue
0 (& —

for any w € (—n/2,7/2) \ {0}. Therefore, we have
Pz + yi)Ligyyi(a)] < e (x)

where
+o0 uzfl
Iw(x) = |Oé|/0 mdu

If y > 0, we take w > 0 while if y < 0, we take w < 0, and eventually we set w, := |w]|.
If || > 1, then e’ — « vanishes for no ¢ such that R(¢) > 0 and

arg(t) € ( — arctan (M> ,arctan <M>>

In |af In |af
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We conclude as above. O

2.2. Completion of the proof of Theorem [1} The function
L D(3)Lits.()
1—r—=

has the following poles in the plane Re(z) < a (a > 0):

Gas(2) = s

(="

e simple poles at 0,—1,—-2,..., —n, of I' whose residue is “—— ;

e simple poles at z;, := 2”’” , keZ, of
The residue of g, s at
e » = —n, n a positive integer, is

s nl 1—rn

Lil_n(O{) s

where Li;_,(«) is a rational function (of the variable «).
e z = 2™ I a nonzero integer, is

In(r)?
_ 2wkt 27‘(‘/{32
® T (e ) @)

e z =0 (double pole) is

(v +1In(s)) log,(1 — a) — log(lz_ = lfn(z);))

Let us define the rectangle C,,, with vertices —m + % + Ui, —m + % + vpt, a+ v,t and
a + u,i where m > 2 is an integer and (uy,)n>0, (Vn)n>0 are defined as in Lemma |5, We
have

1
1 — 1

— S

2mi Je, Gors — ! 1—rt

1 _ 2nki 2mki
In(r) ki
+ In(r) Z a <ln( )) L11+12n(§) (a)

keZ\{0},vn <] 1?17(% |[<up

L11 g( )

log(1—a) {(a)
2 * In(r)

+ (v + In(s)) log,(1 — a) —
We shall now let m,n — +oo in (2.2)). We first need two lemmas.

Lemma 7. The series
2mki 2mki
pi(e,s) Z s "ol ( In(r )) Ly 2m (@)
keZ\{O}

converges for all a € C\ [1,+400) and all s in a sector {s € C* : |arg(s)| < Q}, where
Qo =5 if |af <1, and Q, := arctan(| arg(a)|/In |a|) if | > 1. This defines domains of
C on which 1 is a holomorphic function of one of its variable when the other is fized.
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27rkz

Proof. By Lemma @ applied to x + yi := 1 + , for every a € C\ [1,+00), for all

k €7\ {0}, we have

Gy iy 0] < 0 (= G5 M),

where w, is defined in Lemmal6] Assuming that |arg(s)| < wa, we have for all k € Z\ {0}

2 k; _ 2wkt
‘F( u Z)Ll 2nki (Q0) S )

) +ln('r)
2 2m|k
ar 030 (= s (bl = barg(s))) < exp (= 10— are(s)]) ).
The result follows because w, can be chosen arbitrarily close to €2,. Il

Lemma 8. The series

= (=) 1
— n — Ti,
;3 nl 1—rn fi-n(@)

converges for all o € C\ {1} and all s € C such that |s| < rla — 1|min(1,1/|a|). This
defines domains of C on which ¢o is a holomorphic function of one of its variable when
the other is fized.

Proof. Without loss of generality, we can assume below that n > 2. We have

N

1 —

. n—1-k
Aoy Aln —1,k)a :

0

Lil_n(Oé) =

b
I

where A(n — 1, k) are Eulerian numbers (see for example the introduction of [I5]). Since

n—2
> Aln—1,k) = (n—1)! ,we have
k=0

max(1, |a])"~2
a—1"

|Lipn ()] < af (n — 1!

< Z for all n > 2, we obtain

|s] 1 s " 5
<2 - — 1 "
’()02(a7 8)‘ = (T—1)|Oé—1’ + |a|nz>;n 7”|Oé—1| maX( ,|Oé’)

The result follows. O

We also set

log(1 — «) N ()
2 In(r)’

This is a holomorphic function of («, s) € (C\ [1,+00)) x (C\ (—o0,0]).

p3(a,s) :== (v +1In(s)) log,(1 — a) —
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On the one hand, by Lemmas and , as m,n — +oo, the right-side of converges to
1(a, 8)+@a(a, s)+@3(a, s) for any o € C\[1,400) and any s € C such that | arg(s)| < Q,
and 0 < |s| < r|la — 1|min(1, 1/]«]).

On the other hand, Lemmas to ensure that, as m,n — 400, the left-hand side of
converges to In(f,(e~*)) for any 0 # a € (—1,1) and any s such that 0 < s < rlog(1/|a|).

Therefore, the identity

fale™®) = exp (p1(a, s) + pa(a, s) + p3(a, 5)) (2.3)

holds at least for every non-zero a € (—1,1) and every s € R such that 0 < s < rln(1/|a|)
and 0 < s < r|la — 1|min(1,1/|a]). Now, the function f,(e~*) is holomorphic in («,s) €
C x {R(s) > 0}. Hence given the analyticity properties of the involved functions, the
assumptions on v and s under which holds can be relaxed to 0 # a € C\ [1, +00) and
0 < s <rmax(In(1/]a|), |a — 1| min(1,1/|a])). This completes the proof of Theorem

3. PROOF OF THEOREM

3.1. Preparatory results. Let » > 2 be an integer. We look at equations of the form

y(z) = a(2)y(=") + b(2)y(=") (3.1)

and we want to find conditions on a and b to apply a construction similar to [7] for giving
an asymptotic expansion of a solution f of (3.1) when z — 1~.
We recall that we assume a(z),b(z) € R(2) to be such that

(H1) a(z),b(= )€R+[[ II;

(H2) a(0) +(0) =

(H3) a(z) and b(z) are defined at z = 1;
(H4) a(z) and b(z) have no pole in D(O 1);
(H5) a(z) and b(z) are not both constant;
(H6) For all z € [0,1], |rz""'b(2)| < a(z")2.

Without loss of generality, we assume a(z), b(z) # 0 because if one of them is identically 0
then Eq. (3.1)) is reduced to an equation of order 1.

We write
+oo
= Z a,z" and b(z Zﬁn
n=0

their Taylor series expansions. We first prove the existence of a unique holomorphic solution

of Eq. (3.1)) in the open unit disk.

Proposition 1. Under Assumptions (H1)-(H6), Eq. has a unique solution f (up to
multiplying f by a constant) which is holomorphic on the open unit disk D(0,1).

Let ;r:og fn2™ be the Taylor expansion of f(z) at z = 0. If fo > 0, respectively fo <
0, then the coefficients f,, are non-negative, respectively non-positive, and the radius of
convergence is equal to 1. If fo =0, then f is identically equal to 0.
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Remark 5. o Only Assumptions (H1), (H2), (H4) and (H5) are needed in the proof of
that proposition. In fact, Assumption (H5) is only needed to prove that the radius of
convergence is equal to 1, see the remark after the proof.

Proof. From (3.1)), we deduce a recurrence relation between the coefficients f,: for any
n > 0, we have

fn = Z i fre + Z Br—kfx (3.2)
k=0 k=0
where
J’; ) Jkpe ifrdivides k
ke { 0 otherwise
and

j? . { Jrpp2 it r? divides k
ke 0 otherwise.

If n =0, then fy = agfo+ o fo: this relation is satisfied if fy = 0, and also if fy # 0 because
ap + Bo = a(0) + b(0) = 1 by assumption. For n > 1, we see that on the right-hand side
of we have the numbers f,, for m < n — 1 and not for m = n, so that the sequence
(fn)n>o0 is defined by in a unique way from the value fy. Moreover it is readily check
by induction on n that f, > 0 for all n > 0 if fy > 0, respectively f, < 0 for all n > 0 if
fo <0, because a,, > 0 and (3, > 0 for all n > 0. Moreover, if fy = 0, then it follows again
by induction that f, = 0 for all n > 0.

We now prove that f is holomorphic on a neighborhood of 0 to begin with when fy # 0.
Since a and b are holomorphic functions at 0, there exist u1,us € R™ and vy, v, € RT such
that for all k& € N, we have |ag| < uof and || < uvf. Up to taking larger numbers v,
and vy, we can assume that u; = up = 1 and v; = vy := v. Moreover, we assume that
v > 27. Let d € N be such that |fy] < d. Let us prove by induction on n € N that for all
n, we have

[ful < d(30)".
This result holds for n = 0. Let us prove that it holds for n > 1 if we assume that it holds
for all k <n — 1. From Equation (3.2)), we have

[fal <A 0" F@u)R T+ d Y o R (30)R
k=0 k=0

n ” (r—1)/r n+1 o n+1
<200" 3 ( V3 ) =2 G i
k=0

Vo0 (/)" 0 — /3
U(r—l)/r

Wr—D/r — /3

Since v > 27 > 3D/ e have v""Y/" > 31/3 so that 20"1/m < 3(vrD/m — /3)
and 2% < 3 < 3" Thus, |f,] < d(3v)", which concludes the induction. Hence, f
is holomorphic on D(0, ¢), the open unit disk of radius € for a certain ¢ € (0, 1).

< 2dv™
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From Eq. , we shall deduce that the function f can be continued to a holomorphic
function on the open unit disk D(0,1). Indeed, z — f(z") and z — f(2"") are holomorphic
functions on D(0, v/¢) and on D(0, /) respectively. By Eq. and the fact that a(z)
and b(z) are holomorphic on D(0,1) (at least), this implies that f(z) can be continued to a
holomorphic function on D(0, v/2). We repeat this process by replacing € by /¢ etc. Since
/e — 1 when n — 400, we obtain that f can be analytically continued to a holomorphic
function on D(0,1). It follows that the radius of convergence of the series Y ., fn.2" is
> 1.

From [I7, Theorem 4.3] (see also [6]) either the Taylor expansion of f has a radius of
convergence equal to 1, or f is a rational function. Let us now prove that this radius is
equal to 1 when fy > 0. We first observe that there exists an integer ¢ > 1 such that
fe > 0. Indeed, taking the terms corresponding to k£ = 0 in the recurrence relation ,
we have f, > (a. + ;) fo for any ¢ > 1. Since a and b are not both constant, there exists
at least one value of ¢ > 1 such that (a. + ;) fo > 0, so that f. > 0.

If By = 0 (hence ap = 1), we take n = cr™™! in for any m > 0, and only the term
for K = n in the two sums: we obtain f.m+1 > f.m so that f,m > f. > 0 for all m > 0
and thus the radius of convergence of ) f,2" must be < 1.

We now assume that 3y # 0. We take n = ¢r™*? in for any m > 0, and only the
term for k£ = n in each of the two sums: we have

fcrm+2 Z aOfcrm+1 + ﬁOfcr”L

By induction on m > 0, we deduce that f,= > g, for all m > 0 where the sequence
(gm)m>0 is defined by the Fibonacci-like recurrence relation g2 = aogm+1 + Bogm and
go = fe > 0, g1 = for > 0. There exists v, and 7, such that g,, = 707" + 205" where
91,0, are the roots of the characteristic polynomial X2 — oyX — f3y. Since oy + By = 1,
we have 0y = 1 and 03 = —fy. Moreover, v; and =, are determined by the equations
Y1+ 72 = go = fe. and v — Boye = g1 = for. We deduce that, for all m > 0,

_ﬂofc"i_fcr fc_fcr

dm 1"‘60 + 1+50 (_60>m'

If f. > fer, then fom > g, > %};{Jf’" > 0 for all even integers m > 0. If f. < f.., then

ferm > Gm > %};gﬁ > 0 for all odd integers m > 1. Hence, in both cases, the radius of

convergence of ano fn2z™ must be < 1. O

Remark 6. e In the above proof, the assumption that a(z) and b(z) are not both constant
is only used to ensure that the radius of convergence of the Taylor expansion of f(z)
at z = 0 is < 1, while it had already been proved to be > 1. Let us now keep all
our assumptions on a(z) and b(z), except that we assume a(z) and b(z) to be constant
functions, denoted by a > 0 and b > 0 respectively. Then the solutions f(z) := >~ fn2"
of the equation y(z) = ay(z") + by(z"") are reduced to the constant functions. Indeed,
the function f(z) = 0 is a solution, and if we seek a non-zero solution, then we have
seen in the proof of Proposition [I] that we must have a + b = 1 and fy # 0. We now
assume that fo > 0, the case fy < 0 being dealt in a similar way. We know that f is
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holomorphic at the origin with radius of convergence of its Taylor expansion > 1, and let
us assume that f is not a constant. Since f,, > 0 for all n > 0 and f,, > 0 for at least
one m > 1, f is increasing on [0,1). Thus for any z € (0, 1), we have f(2") < f(z). But
f(z) =af(z") +bf(2"") < (a+b)f(2") = f(2"), contradiction.

Without loss of generality, we assume from now on f; > 0 (up to replacing f(z) by

—f(2) in Eq. if fo < 0). We now set
w(z) = f(2)/f(z").

This is a well-defined function for z € [0,1) because f(z) > 0 on [0,1). We have u(z) > 1
for all z € [0,1) because f is increasing on [0,1). Moreover, u(z) is independent of the
choice of fy > 0 and it is C* on [0,1). (The radius of convergence of the Taylor expansion
of y1 at the origin is [¢!/7| where ¢ is a zero of minimal modulus of f in D(0, 1) such that

f(€Y7) # 0; if there is no such &, then g is analytic in D(0,1).) From (3.1)), we have
b(2)
wz) =a(z)+ . 3.3
() =al) + (3.3

This non-linear Mahler equation is crucial to understand the analytic properties of u(z)
for z € [0, 1), which are stated in the next lemmas.

Lemma 9. The limits of u(z) and of /'(z) when z — 1= exist. They are denoted by pi,
and 'y respectively: we have p; > 1 and py > 0.

Proof. Let ¢ := liminf pu(z) and L := limsup pu(z). Since p(z) > 1, we have 1 < ¢ < L.
z—=1~ z—1-

From (3.3)), if L = 400 then ¢ = a(1) < 400 and thus L = a(1) + b(1)/¢ < +o00, which is
a contradiction. Therefore, L < 400 and ¢ < +o00. From (3.3), we obtain

b(1 b(1

Kza(l)—l—ﬂ and Lza(l)%—ﬁ
L l

so that a(1)(¢ — L) = 0. Since a(1) > 0 (because a(z) € R*[[z]] \ {0}), we thus have { = L
and the limit of ;(z) when z — 17 exists. Moreover, / is a solution of X2—a(1)X —b(1) = 0.
This equation has only one nonnegative solution, hence

a(1) + /a(1)? + 4b(1)

1=

> 0.

The function p/(z) satisfies

W(z) = pz) +o(2)p'(z") where p(z) =d'(z) +

We have
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where pi(2) := p(2*) and o4(2) := o(2¥). Since we assume (H6), i.e. |r2""1h(z)| < a(z")?
for all z € [0, 1], we have for all z € [0, 1]

[r2""1b(2)] < a(2")* < p(2")?,
the last inequality coming from the fact 0 < a(z) < p(z) by (3.3). Thus, for all z € [0, 1],
lo(z)] < 1. Since o is a continuous function on [0, 1], there exists ¢ € (0,1) such that

|o(2)| < ¢. Therefore, for all z € [0, 1],

Moreover, lim W(z) = fi/fo < +oo. Thus, for all z € [0,1),
N

= Z m,(z) where m, :=00,...0m-1pmn. (3.5)

We know that u is a continuous function on [0,1). Moreover, there exists d € R* such
that |p(z)| < d for all z € [0,1]. Thus, the series given in (3.5 is normally convergent
on [0,1] because 7% [|my||w < d +o0 o < 4o00. Therefore, the limit of y/(2) when
z — 17 exists and

B

—1-
z H1 ) =0 My

Moreover, since a and b are in R*[[z]] and are not both constants, we have either a(1) >
a(0) or b(1) > b(0), and either a/(1) > 0 or ¥'(1) > 0. It follows that

a(l) +/a(1)? + 4b(1) - a(0) + y/a(0)% + 4b(0)
2 2
Hence, since a(0) + b(0) = 1 (and in particular a(0) < 1), we have that y/a(0)% 4 4b(0) =
|a(0) — 2| = 2 — a(0). Consequently, p; > M = 1. Finally, y} > 0 because
/ a'(p + (1)
m=me ey
This completes the proof. O

Remark 7. e The existence and the computation of the value of the limit of u(z) as z — 1~
can be obtained from Theorem 1 of [5], which can be applied here because the roots of
X? —a(1)X — b(1) have distinct modulus. We then have

f(z)  Cz)(1— 2" )l (1) (1 — z7)logr(m)

f(zr) — C(zr)(1 — z)loer(m) (1 — 2)loa ()

because C(z) = C'(2"). Our proof does not use that theorem.

e The existence and the computation of the value of the limit of p/(z) as z — 1~ could
be much simplified if we knew a priori that p/(z) > 0 in an interval [1 — £,1). Indeed,

(1+0(1)) = (1+o0(1) = p1, z—17
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let ¢/ = liminf, ,;- p/(2) and L' = liminf, ,;- ¢/(2). Taking limsup in (3.4, we obtain
L'=p(1)+0o(1)¢' < p(1) because o(1) < 0 and ¢ > 0. Hence L' is finite and taking lim inf
in (3.4) we obtain that ¢ = p(1) + o(1)L'. Tt follows that (o(1) + 1)(L' — ¢') = 0. But
o(1) = —rb(1)/u(1)* # —1 by (H6), so that L' = ¢'.

Lemma 10. Under Assumptions (H1)-(H6), for any 8 € (0,2] such that b(1)r? < p?, we

have (ﬁ)
(e =02, t— 0"

Proof. Let § := 1+ b(1)r?/u?. By construction, we have 1 < § < 2. Let d > 0 be such
that (14 d)d < 24 d. Since z — 2+ z — §(1 + z) takes a positive value at z = 0, there
exists such a d. Differentiating both sides of (3.4]) gives

p'(z) = A(z) + B(2)u" (=)

where A(z) is a continuous function on [0,1] and B(z) = —r2220=Yb(2)/u(z")?. Let
t

M € R* be such that |A(z)] < M for all z € [0,1]. Let z = e with t € (0,+00).
Thus, from the previous equation,
p'(e) = A(t) + B(t)u" (™) (3.6)
where A(t) :== A(e™") and B(t) := B(e™).
Since (e (1)
B(t) = —r2e2r-1t S +0({), t—0t,
" ey PO
there exists 0 < € < 1 such that
TQb(l)
vVt e (0,e), |B(t)] < 2 (1+d).
1

Let ty € (0,€). The function |u”(e~")|/t°~? is non-negative and continuous on [ty,e]. We
denote by m its maximum on [tg, e]. We choose

C' > max <m’2+d—]\;[(1+d)>'

We prove by induction on £ > 0 that
t
Vte[oe), W'(e7h)| < CtP2

The case k = 0 is an immediate consequence of the choice of C. Assume it is true for
k=ko>0, thenif t € [+, 2], we have by Eq. (3.6)

(e < M+ |B(#)|C(rt)"*
< M+ 5P (1L + d)CH=2 = M+ C(6 = 1)(1 + d)t72.
However, since 0 < M < C(2+d—6(1+d)) and 0 < 277 < 1, we have
t*PM<C2+d—-56(1+d)=C1+(1—-6)(1+d)

3In this Lemma, the real assumption used is 0 < |b(1)[r# < u3, which is equivalent to b(1)r? < u? in
our situation; this could be useful in other contexts.
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so that M + C(6 — 1)(1 + d)t?~2 < CtP~2 and
" (e7)] < Ct772,
which concludes the induction and proves the lemma. O
Corollary 2. Under Assumptions (H1)-(H6), we have
pe™) =y + O™ tD) and p(e™) = — tpy + OEY), 5 0F
where o > 1 is defined by r°b(1) = a(1)?.
Proof. We can apply Lemma [10] with 3 := min(«, 2) € (1,2] because r*b(1) < 3. Hence,
pWie =02, t—ot.
With t =In(1/2) =1— 2+ o(1 — z) when z — 17, we deduce that
W(z)=0(1-2)P""7?), z—1".
Because 5 > 1, we can integrate twice over the interval [z, 1] and we obtain

P =g +0((1=2""), pe)=m+p(z-1)+0(1-2)"), z2—=1"
We now make the change of variables z = et
P =m +007 ), ple™) =m+p(-t+0)+0 (%), t—o0*

and the result follows. O

we have

3.2. Completion of the proof of Theorem [2 In order to obtain the precise asymptotic
behavior of f(z) as z — 17, we consider the two Mellin transforms:

Fs) = /0 T (et
and .
M(s) = /0 (a1 dt.

The integrands are well defined because f(e™") > 0 and u(e™*) > 0 on (0,+00). These
integrals are convergent for s € ‘Hy because:

1) f(2) = 1+0(z) and pu(z) = 1+0(z) as z — 0, which ensures the convergence of both
integrals at ¢ = +o00 because In(f(e™")) and In(u(e™")) are both O(e™*) when ¢ — +o00.

2) (1) is finite and, since the equation X?—a(1)X —b(1) has two distinct roots with p; >
1 the one of largest absolute value, Theorem 1 of [5] implies that f(z) = O((1— z)~'eer(m))
when z — 17. Hence In(u(e™")) = O(1) and In(f(e™")) = O(In(1/t)) when t — 0*. This
ensures the convergence of both integrals at t = 0.

Therefore both F(s) and M(s) define analytic functions on the half plane H,. Our goal
is to meromorphically continue F and M to a larger domain. By definition of u(z), we
trivially have

(1 —r=*)F(s) = M(s), R(s)>0.
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We define
) == In(u(e™)) — In(u)e ™, (3.7)
where
1
Ai=——— >0
pi1n(pa)
by Lemma [9

Lemma 11. Under Assumptions (H1)-(H6), we have
fi(t) = O(em™nADH ¢ 5 400,

and
fi(t) = O(minte2) ¢ 5 oF,

Proof. Since In(u(e™?)) = O(e™?), we deduce from (3.7) that fi(t) = O(e”™»*D!) when
t — +oo. By Corollary 2, we have

(1) =, (Mn() — g /)t + O(E) + O(E2) = O(p+(02)
because AIn(py) — py /1 = 0. O

Now, we have for s € H,:

M(s) = M(s) + In(p)A°T'(s) (3.8)
where

M(s) ::/0 Ooﬁ(t)ts—ldt.

Under Assumptions (H1)—(H6), Lemma [11|implies that M(s) converges for s in Hinin(a,2)
on which it is an analytic function. Consequently, M(s) and F(s) can both be meromor-
phically extended to Humin(a,2)- Since M(s) has no singularities in Hin(a,2), the singularities
of M(s) are those of In(u1)A™°I'(s). As F(s) = %, the singularities of F in Hmin(a,2)
are:

(1) a double pole at s = 0 coming from the pole of I" and the fact that 1 —r~° vanishes

at s =0,

(2) simple poles at s = 2rki/In(r) for k € Z \ {0}, where 1 — r~* vanishes,

(3) a simple pole at s = —1, which is a pole of T'.
Lemma 12. Let x € R and y € R*. Under (H1)-(H6), the functions M(x + yi) and

—~

M(z + yi) are both O, (|y|~?) when y — +oo for any v > — min(«, 2).

Proof. The proof is similar to the one given in [7, p. 9]. Under (H1)-(HG6), by lemma (L1,
we have that fi(t) = O(t™™@2)) as t — 0% and fi(t) = O(e~™nDY) ag ¢ — +o0o. Hence,
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for z > —min(«, 2) and y € R*, an integration by parts gives

—~

+0o0
M(z +yi) = / p(t)etvilae
0
totyi +oo +o0 Frty 1 400 )
_ [ﬁ(t) ] _ / 7 () ~———dt = — / 7 ()=t
0 0

r+yi], T+ yt T+ vyl
we)/ule™) +

)ast—>+oo We can

The second integral converges for x > — min(«, 2) because /()
An(py)e™ = Q@@L as + — 0% and '(t) = O(e~minAD
perform a second integration by parts for x > — min(«, 2):

ﬁ/(t)tx—i-yi—i—l +00 +o00 ﬁ//(i)tx+yi+l 4
; - + - —dt
(x+y2)(fc+1+y2)} /0 (z +yi)(z + 1+ yi)

M(z + yi) = {—

1

400
= i’ ()it iag.
(x+yi)(x+1+yi)/o ()

The second integral converges (absolutely) because fi”(t) = O(t™n(@=20)) as ¢t — 0* and
' (t) = O(e~ ™At a5 ¢ — +00. Therefore, for all 2 > — min(a, 2) and y # 0, we have

A . 1 e ~11 x
K+ vi| < o [ @@= 0.0/, g £
0

~lylP
Moreover, by Stirling’s formula and A > 0, A= (2 + yi) = O,(e"™/?) when y — +oo.
From Eq. (3.8]), we obtain the desired bound for M (z + yi) itself. O
Proof of Theorem[Z. First, we look at the double pole of F at s = 0. We have
1 1 11 1
I'(s)=-— (@) d = -+ =+ 0(s).
(5) s +0(s) an L—7r= In(r)s + 2 +0(s)
Thus,
In(pu) 1 ¢
= —+—4+0(
F(s) In(r) s2 + s +0(),
where In(n)
_ ko N1
= In(r) i 2

and kg is the constant term in the Laurent expansion of M(s) at s = 0. From the “Mellin
dictionary” in [12, pp 762-765], this contributes to the term log,.(u1)In(1/s) + ¢o in the

expansion ((1.9)).
The simple pole at s = 27ki/In(r) of F for k € Z \ {0} has residue

lnir) M (125(% ) '

Thus, for the simple pole at 2wki/ In(r), the dictionary provides the term

1 (27rk:z') _ 2mki

Mi(s) = In(r) In(r)
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in the expansion (1.9). The series ZkeZ\ (0} M;.(s) converges because, by Lemma (12| with
x =0, M(yi) = O (Jy|?) as y — +oo.

Finally, the simple pole of F at s = —1 has residue ¢; := An(uy)/(r—1) = @} /((r—=1)p1),
and this contributes to the term c¢;s in the expansion .

Adding all these contributions proves the expansion (1.9)) of In(f(e*)) as s — 07. The
error term O, (s™"(*2)=¢) is a consequence of the inverse Mellin transform properties (see
[12 p. 764, (47)]): for any ¢ > —min(2, «) and any s > 0, we have

1 c+0oot

— “M(2)dz = O,(s°

omi | s M(z)dz (s7°)
because M(z) is analytic in Hyin(a,2) and its modulus decays like 1/3(2)? as (z) — £+00
by Lemma |12 Il

4. THE GENERATING FUNCTION OF THE BAUM-SWEET SEQUENCE

The Baum-Sweet sequence (b,),>0 € {0,1}" is a celebrated automatic sequence intro-
duced in [2] and defined recursively by the relations by = 1, bg,11 = b, by, = b, and
bintos = 0. The generating function S(z) := Y b,2" is a solution of the 2-Mahler
equation of order 2:

y(2) = zy(2*) + y(2Y). (4.1)
We have S(z) =1+ 2+ 2>+ 24+ 2"+ ... € 1 + 2R™[[z]], so that u(z) := S(2)/S5(z%) =
142 —22+22% — 3254 2% — 4219 4 62'2 4 ... is holomorphic at z = 0, > 1 on [0,1) and
in C>([0,1)). () Ea. satisfies Assumptions (H1)-(H5) but not (H6). From the proof
of Theorem , it follows that p; := lim, ;- u(z) exists and is equal to the largest root of
X?2—-X—1,ie pu = %(\/3+ 1) > 1. Though (H6) does not hold, we shall now prove by
a direct computation that

1
=i "(2) = —— 4.2
p= lim p(z) = 77— >0, (4.2)
where 0 := 2/pu? ~ 0.76, and that there exists a € (1,2] such that
p'eh) = o). (4.3)

We fix zp € (0,1); its value is irrelevant in the sequel. On [z, zé/ ?], we have ugy =
min p/(z) < p/(z) < maxp/(2) =: vy, where min and max are taken on this interval. We

are going to define by induction two particular sequences (uy)r>o and (vy)g>o such that for

all k>0 and all z € [z(l)/Qk, zé/zkH] we have up < p/(2) < vg.

This is already done for £k = 0 and let us assume u; and v are defined for £k = n. Let
n n+1
Ty Yn € [zé/ 2 ,zé/ *"1 be such that p(x,), respectively 1i(yy,), is the minimal, respectively

the maximal value taken by u on this interval. Since p > 1, we have in particular p(z,) #

4From the functional equation p(2) — z = 1/u(2?), it is clear that u(z) — z = > o0 m,z?". It seems
that for all n > 0 (—1)"m,, > 0 (and possibly > 0); this property is not essential for us. Since we prove
that lim,_,;- u(z) exists and is finite, the sign of m,, cannot eventually always be the same.
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0 and wu(y,) # 0. Note that clearly, lim, . p(z,) = lim, o0 u(y,) = 1. For all

1/2n 1/2ntt
z € [ZO/ : 0/ ], we have

1/2n+1 1/2n+2
0 <ty := o <2 2" _ s
n - — i - <n
pyn)? = p(2)? T plwn)?

and u, < p'(z) < wv,. Let

sy ifv, >0 t, ifu, >0
Q= . and ﬁn = .
t, if v, <0 S, if u, < 0.

By construction, we have

221/2
Bty < 1(z) < vy
p(z)?
for all z € [z(l)/ > é/ QHH] Now, from the functional equation (4.1 for S(z), we deduce

that z/(2/2) = 1 — 222/(2). Hence, for all z € [z0/*, é/QnH],

w(2)?

Upy1 = 1 — apv,

Unpr < p'(2Y%) < vppqr where ‘
Up41 = - Bnun

In other words, for all z € [z 1/2n+1, zé/2n+2], we have u, 11 < p/(z) < vpyq . This completes

the recursive deﬁmtlon of the sequences (uy)r>o and (vg)g>o-
We shall now prove that whatever is the chosen value for zy € (0, 1), we have

1
Ii n=li n=—. 4.4
Since u, < p'(z) < w, for all z € [ /2 zé/2n+l] and zé/Qn — 1 asn — 400, Eq. (4.2)) will

follow. (Note that the value of p} is of course the one given by the functional equation
W(z)=1—221/(2%)/1u(2%)* when we let 2 — 1~ on both sides.)
Since up+1 =1 — a,v, and v, =1 — B, 1u,_1 , we have

Un41 = 1— ayp + O‘nﬁn—lun—l‘ (45)
Let us assume n is odd. Iterating (4.5)), we have
(n—1)/2 (n—1)/2 j—1
Un4+1 = Ug H (an72k6n72k 1 + Z — Qp_2j H(&n72kﬁn72k71>)'
k=0 =0 k=0
Since a,, and S, — ¢ := 2/u? < 1 because both t,, and s, — ¢ := 2/u?, we have
(n—1)/2
nl_lfiloo (n—2kBn—2k—1) = 0.

k=0



27

Moreover for any fixed 7 > 0,

j—1
- Tt 090
=0
and for all n, 5 > 0, we have
j—1
11— aanjl H(Odankﬁankfl) < C(0.6)’
k=0

(the left-hand side is even equal to 0 if j > (n — 1)/2) because there exists kg > 0 (that
depends on zy only) such that for all k& > kg, we have 0 < a1 < 0.6. The constant C
depends only on ay, Sy, ..., Qk,, Brke—1 and neither on j nor on n. Since Zj(O.()’)j < 400,
we can apply Tannery’s theorem (i.e. dominated convergence for series) and deduce that

n——+oo,n odd

lim = (1-0)) 67 =—:
pr 1+6

We proceed similarly when n is even with minor changes, and also for the sequence
(Un)n>0 which satisfies v,11 = 1 — 8, + ap_15,v,—1. We eventually obtain Eq. (4.4) and
then Eq. (4.2)) as expected.

Let us now prove that there exists a € (1,2] such that holds. Indeed, the equation
2% = 4?2 has a unique solution By := 2logy(p1) ~ 1.39 € (1,2]. We can thus apply
Lemma [10[ with £ any fixed number in (1, 5y). The proof of Lemma |10| can then be readily
adapted mutatis mutandis and this proves . Since 5 € (1,2], we are now exactly in
the same situation as in the proof of Theorem 2 starting from Corollary [2| with of course
a different definition of o because (H6) does not hold (not even for z = 1). Therefore, the
same analysis enables us to deduce that the conclusions of Theorem [2[ hold for S(z) with
a := By (because of € > 0); we have in particular

_ C(z)
5(2) = (1 — z)loga(v5+1)-1

where the function C'(z) is given by (1.10)).

(I+o0(1)), z—1",

Remark 8. Another way to study the generating function S of the Baum-Sweet sequence is
to use the identity S(z) = 2F(2%) + G(2?), shown in [16], where F' and G are the functions
defined in [7].

5. PROOF OF THEOREM [3

Using the variation of constants method, we see that the general solution of an inhomo-
geneous equation of order 1 of the form y(z) = p(2)y(2") + q(2) (where p(z), ¢(z) € C(2))
is formally given by

c[Ip™)+ > p2)p(z) - pz" (=), ceC.
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This formula defines an analytic solution in the open unit disk D(0, 1) when, for instance,
p(z) € 1+ 2C[[2]] and ¢(z) € zC[[z]] both do not have poles in this disk. The product falls
under the scope of Theorem (1| but when z — 17, there does not seem to exist a general
method to study the precise behavior of the series.

In the rest of this section, we recall as a starter a result of Hardy, the proof of which is
similar to the proof of Theorem [} Then we proceed with the proof of Theorem [3

5.1. Hardy’s expansions. A classical case is p(z) = 1 and ¢(z) = z: the series

Ho(z):=) 2"
n=0
is solution of y(z) = y(z") + z. It is also solution of the order 2 Mahler equation 2" "'y(z) =

(1+2""Yy(z") —y(z""), which cannot be treated by Theorem 1 of [5] because 1 is a double
root of the characteristic polynomial X% — 2X + 1 of the equation. However, in [13] p.
283|, Hardy showed that, for any s > 0,

s = (—s)" In(s) 1 0l 1 2mkiy 2k
m@):;%m—wfmwﬁﬁ_ﬁm_mm > T(pgy)s ™ 6

which provides the exact behavior of H,.(z) as z — 1~. Hardy’s method might have inspired
de Bruijn because to prove (5.1) Hardy first justified that, for any a > 0,

1 a+oo1 F(Z)S_z
H.(e?) = — S
H(e7) 27 /a 1—r—= dz,

where ([2.1)) is used. This is an expression similar to the integral identity in Lemma .
Eq. (5.1) follows by the residue theorem applied to the poles of the integral on the right-

hand side: the poles are at 0 (double), 27ki/In(r) (k € Z \ {0}, simple) and k € Z<_,
(simple). The method can be generalized to the series H,(z) := > o0 """, |B] > 1

because i
1 aT+0o0t F —Z
HT5(6_8> — _/ &dz
’ 2mi J, 1—fBr==
Hardy considered in detail the case § = —1 in [I3, pp. 276-282]. However, his method

is very specific and it cannot be applied to the series Y oo p(z)p(z")---p(z"" )g(z"™") in
general. A solution of an equation y(z) = p(2)y(2") + ¢(2) is also a solution of

q(2) +q(z")p(2) . 4(2)p(Z") e
) = TRy ) - Ty ) (52)
But it seems difficult to apply Theorem [2 to this equation. This explains our more direct
approach to the solutions of the equation y(z) = p(z)y(z") +¢(z). This approach, reflected
by Theorem 3| works in particular for H, g(z) for any 5 > r.
We conclude with the following remark. The function
Fz) =) (1—2z"*)

n=0

—001

—001
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is defined and holomorphic in C \ (—o00,0], and it is a solution of the Mahler equation
y(2) = y(z?) + 1 — 2. This equation looks similar to the above equation for Hy(z), but in
fact it does not have a solution defined at z = 0 (simply because y(0) # y(0) + 1). The
asymptotic expansion of F'(z) for z — 07 is given in [12, p. 765, (49)]: for all € > 0, we
have

- ln(s) v 1 1 2kt _ 27ki
F °) = = I In(2) A 5’ ‘
7w, X, ) O e

Observe the similarity with (5.1)) for Hy(e™*), when s — 0% this time.

5.2. Proof of Theorem [3. We recall that we consider an inhomogeneous Mahler equation
of order 1

y(z) = p(2)y(z") + q(2) (5-3)
where p(z), q(z) € R(z) satisfy the following assumptions:
,g(g? e R¥[[=]);

(A5) p(1) >r;
Note that if ¢ is a constant, it is identically equal to 0 by (A2). Hence (5.3) reduces to
a Mahler equation of order 1, which is the subject of Theorem [I} Hence, there is no real
loss of generality in the sequel in assuming that ¢ is not a constant, and we make this
assumption from now on.

a) Weset p(z) =D~ janz" and ¢(z) = Y o B,2". Given any f, € C, Equation (5.3) has
a unique solution f(z) = >~ fn2" where the sequence (f,),>o satisfies the recurrence
relation

k=0

= ¢ fuy ifrdivides k

fii=A 0 otherwise.
The case n = 0 reads fo = agfo + 6o = aofo: if ag = 1, fo is a free parameter, while
if ag # 1, fo = 0 necessarily. For n > 1, f,, appears on left-hand side of while on
the right-hand side there are only values f,, with m < n; hence the sequence (f,)n>0 is
uniquely determined once the value of fj is fixed. By the same method used in it can
be proved that f(z) is analytic in D(0,1).

b) We are in fact in a situation where the formal solution of (5.3)) is an analytic one, i.e.
we have

F) = Ffo I [p") + D p)p(") - p(=" a(z"), 2 € D(0,1). (5.5)
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The series converges on D(0,1) and defines an analytic function because ¢(0) = 0. The
product defines an analytic function of D(0,1) when p(0) = 1, while if p(0) # 1, then
necessarily fo = 0 and it is then understood that the right-hand side of reduces to
the series. It is then clear from the expression of f(z) in that the radius of convergence
of Y07 fuz™ is equal to 1 by positivity of the Taylor coefficients of p(z) and ¢(z).

c) Let us assume that p(z) is not a constant. Then we have p'(z) = > 7 | na,2" € RT[[2]]
and at least one of na, is positive (for n = ng > 1 say). Hence,

[o.¢]
(1) = lim E na,z" "t > lim ngay, ™ = ngay,, > 0.
r—1~ 1 z—1-
n=

If p(z) is a constant, it is > r by (A5) and this forces fy = 0; we shall see how to use this
information in h) below.

d) We assume from now on that fy > 0. By non negativity of «,, and (3, for all n >0, f,
is also non negative for all n. Moreover, since ¢ is not a constant, there exists ny > 1 such
that §,, > 0, which implies that f,,, > 0, hence that f(z) is not a constant. The function
f(z) is in fy + zR*[[z]], is increasing and > 0 on (0,1), all its derivatives are in R*[[z]],
increasing and > 0 on [0,1).

e) Recall that f(z) is solution of the second order Mahler equation ({5.2). Following [5],
the associated characteristic equation is X2 — (p(1) + 1)X + p(1) = 0, whose solutions are
1 and p(1) > r > 2. Hence, by Theorem 1 of [5], we have

C(2)
flz) = (1 — 2)log (1)

(I+o0(1)), z—17,

where there exist two constants ¢y, ¢o such that 0 < ¢; < C(2) < ¢y < 400 for all z € (0,1).
We deduce from this that, for all z € [1/2,1),

C3 Cq

1= aeom =&)< T mem (5.6)
for some constants cg, ¢y > 0. Moreover, for all z € [1/2,1),
0<f(z) < & 0< f'(2) < _ (5.7)

(1 — z)logr(P(D)+17 (1 — 2)logr(p(1))+2

for some constants cs,cg > 0. Indeed, by the mean value theorem, for all z € [1/ V2, 1),
there exists ¢ € (22, 2) such that

0< f/(ZQ) < f’(C) _ f(Z) - f(2’2) < f(Z)2 < \/504(1 . Z)—logr(P(l))_l

2—22 T z—z
and similarly, there exists ¢’ € (22, z) such that
/! !/ 2 !/
2 _ f'(z) = f'(z) f'(2) —log, (p(1))—2
ng”(z>gf”(gl)_ o 22 SZ—22§204(1_2) erip :
(We used the fact that f, f' and f” are increasing on [0, 1).)
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f) We define w := vo(f) > 0. If w > 1 (i.e. if fy = 0), then w = wvy(q). We have
F(2) = fuz® + O(z*+1) with f, > 0, and we normalize f by defining f(z) = f(2)/(f.2*) €
1+ zR*[[z]]. We also define fi(z) := f(2)/f(z") = 20D f(2)/f(z") € 1+ zR[[z]]; for all

z €10,1), we have ji(z) > 1, and moreover ji(z) is holomorphic at z = 0 and

Az) = pz) + 12 (5:8)

where p(z) = 207V9p(2) and q(z) = 2" Dg(2).
Remark 9. e Note that the non-linear Mahler equation (deduced from Eq. (5.2)))

-~ r—1w q(Z) (r—1lw (r2—1)wq(z)p(zr) 1
i(z) = (z( Do 220 4 2 p(z)) -z C = (5.9)
q(z") q(zr) (=)
and the value 7i(0) = 1 if w > 1 (respectively the value 1(9(0) = p(0) + ¢\9(0)/fo if
w = 0, where ¢ := vy(q) > 1) uniquely determine the coefficients of the Taylor expansion
A(z) =372, 6,2" (hence fi(z) itself in D(0,1)) without any reference to f(z). Indeed, if
w > 1 it follows from the fact that

eI g Rl and o0t LEEE) g,
If w =0, then fy # 0 by Eq. , which forces p(0) = 1, and i = p. From Eq. ,
[i(2) is of the form p(z) + 26% + 2*1h(z) with h(z) € R[[z]], thus 7i(z) and p(z) have the
same coefficients in their expansion from the order 0 to the order ¢ — 1 (included) and the
coefficient of order ¢ of 71 is 7i¥(0) /¢! where i (0) = p)(0) + ¢ (0)/ fo. We know all the
coefficients 0y, for k£ < £ and to determine a recurrence relation for §;, with & > ¢, we look
at the coefficient of order k + ¢(r — 1) in the following equation:

q(=") " . p(2)a(2") .
o ) = ) (14 5 ) = (e,
(which follows from Eq. (5.9)).

g) For simplicity, we set 1 :=log,.(p(1)) > 1 (by (A5)). Since f(z") — +oo0 when z — 17,
we deduce from ([5.8) that

~,

fi = lim fi(z) = p(1) = p(1) > r.

z—1—

Moreover, we have

-~/ o~ P Zj’(z) - Tzr—l/\z f/(zr)

The bounds (5.6) and (5.7)) for f(z") and f’'(z") for z close to 1 imply that as z — 17, we
have

(5.10)

-1
S <(1=2)"" =0
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because n > 1. Hence from (5.10)),

Moreover,
7 =7 + 1 -7 )
-z q L — e £ B v EE
Since, as z — 17,
R R

and it follows that (EI)
1'(z)=p"(1) +O0((1—2)"7?), z—1".
Since n — 2 > —1, we can integrate twice over the interval [z, 1], and we obtain
() =F() + P - D+ 0((1-2), =1
and .
A2) = A1) + P ()= = 1)+ 57 ()= — 1P +O((1L=2)), 2 =1
With the change of variables z = ¢, these estimates become
') =p"(1)+0(t"?), t—07,

e =p (1) + o™ty ¢ — 0t
and
file™) = p(1) — P (Lt + O(#™@2), ¢ — 0.
They are analogous to those given in Corollary [2]

h) In order to obtain the asymptotic expansion of f(z) as z — 17, we consider the two
Mellin transforms:

~

Fls) = /0 m In(f(e™*))t*'dt

and

M(s) = /0 (et et

~

The integrands are well defined because f(e™*) > 0 and f(e™*) > 0 on (0,+00). These
integrals are convergent for s € Hy because:

1) f(z) =1+0(z) and ji(z) = 1+0O(z) as z — 0", which ensure the convergence of both
integrals at ¢ = +oo because In(f(e*)) and In(u(e~t)) are both O(e~*) when t — +o00,

>The term p”(1) is negligible if < 2 but not if n > 2.
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2/)\ 1(1) is finite and J?(z) = O((1 = 2)™") when z — 17. Hence In(zi(e™")) = O(1) and

In(f(e7")) = O(In(1/t)) when t — 0. This ensures the convergence of both integrals at
t=0.

Therefore both F (s) and M (s) define analytic functions on the half plane Hy. Our goal

is to meromorphically continue F(s) and M (s) to a larger domain. By definition of fi(z),
we have

(1—r*)F(s) = M(s), R(s) > 0.
We define
S S Ui O N
i In(pn)  p(1) In(p(1))
We have p'(1) = (r — 1)wp(1) + p/(1) > 0: indeed, note that if p(z) is not a constant,
then p'(1) > r(r — )w + p'(1) > p'(1) > 0 (see c) above), while if p(z) is a constant then
necessarily fo =0, so that w > 1 and thus p'(1) = (r — D)wp(1l) > r(r — 1) > 0. Moreover,
p(1) = p(1) > 2, so that A > 0.
We set

A(t) = In(fi(e™") — In(p(1))e .
We have
i(t) = O(e ™™D ¢ 5 100 and  fi(t) = O™y ¢ 0F,

Now, we have

o~ o~

M(s) = M(s) + In(p(1)) AL (s),

where
= oo _
M(s) = / ()t tde.
0
Under Assumptions (A1)—(A5), this last integral converges in the half-plane Hyin(y,2), to

which M (s) and F(s) can now both be meromorphically continued. Since M (s) has no
singularities in Hmin(y2), the singularities of M(s) are those of In(p(1))A~°I'(s). Since

]—A"(s) = M) ihe singularities of Fin Hmin(n,2) are:

1—r—97
(1) a double pole at s = 0 coming from the pole of I'(s) and the fact that 1 — r~*
vanishes at s = 0,
(2) simple poles at s = 27ki/In(r) for k € Z \ {0}, where 1 — r~* vanishes,
(3) a simple pole at s = —1, which is a pole of I'(s).
Moreover, an adaptation of the proof of Lemma (12 shows that under Assumptions (A1l)-
(A5), we have for all z > — min(7, 2):

Mz +yi) = 0, (Jy1 ™),y — +oo.

We can now complete the proof of Theorem [3 exactly as for Theorem [2 mutatis mutandis.



34

6. BEYOND OUR THEOREMS

In this section, we first present examples of interesting Mahler functions of order 2 which
are not covered by our theorems. We then discuss the case of Mahler equations of order
> 3.

6.1. Mahler functions of order 2. Theorem [2[ does not apply to functions f(z) which
are solutions of equations of the form y(z) = y(z") + g(2) for a rational function g. Indeed,
in this case the function f is solution of the Mahler equation of order 2

o) = (14 20 ytary - 2y

g(z") 9(z")

and a(z) =1+ ;7((;)), b(z) := _;}((;)) cannot both have non-negative coefficients (without
being both constant). Nonetheless, we have given in Theorem |3| sufficient conditions on
g(z) to estimate the asymptotic behavior of the solutions of y(z) = y(z") + g(z). But

neither Theorem |2l nor Theorem [3| can be applied to
o fi(z) = Y 07 ,2%" /(1 + 2*") which corresponds to the case g(z) = =, a(z) =

1427
L2 b(2) = — 5 and r = 2;
o fo(z) =307 2% /(1 —2*") which corresponds to the case g(z) = 1%, a(z) = 22,

b(z) = =12 and r = 2.

Theorem 1 of [5] does not apply to fi(z) because 1 is a double root of the characteristic
polynomial X2 — 2X + 1. The function (1 — z)fy(z) is solution of the equation y(z) =
l—j_zy(zz) + z: Theorem [3| cannot still be applied directly, but it is possible that its proof
could be adapted to obtain the precise asymptotic behavior of fy(z) as z — 17, beyond
the easy fact that lim, ,1- (1 —2)f2(2) = 2 (and thus the associated function C(z) is simply
constant equal to 2).

Another recent and very interesting example is given by the inhomogeneous Mahler
equation of order 1 of [I8], that is y(z) = 1 + (2 — 1)y(z?); it has a power series solution
Up(z) = 5(1+2— 2>+ 2%+ 2* — 25 — 28+ ...). This equation does not fall under the
scope of Theorem 3| because (A1), (A2) and (A5) are not satisfied. Theorem [2| cannot be
applied either: Uy is also solution of y(z) = zy(2%) + (1 — 2z?)y(2?) which does not satisfy
(H1) and (H6). Finally, Theorem 1 of [5] cannot be used as well because the characteristic
polynomial is X2 — X and the condition agas # 0 is not fulfilled. However, it is possible
that adhoc arguments like those employed for the generating function of the Baum-Sweet
sequence could also allow to determine the precise asymptotic behavior of Uy(z) as z — 17.

6.2. Mahler equations of order > 3. Even though classical Mahler series are of order
less than or equal to 2, in particular those coming from combinatorics and automata
theory, it is natural to wonder if the methods of this paper could be extended to the case
of Mahler equations of order > 3. This is possible in principle but the technical details lead
to conditions (like (H6)) on the coefficients of the equations whose complexity increases
with the order and are certainly not best possible. Consider for instance a general r-Mahler
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equation of order 3:

3

y(2) = a(2)y(z") + b(2)y(") + c(2)y(=") (6.1)
where a,b, c € C(2).

a) We first have to ensure the existence of a solution f(z) of (6.1]) holomorphic in D(0, 1).
A sufficient condition for this is that a, b, ¢ have no poles in D(0, 1). If a(0)+b(0)+¢(0) = 1,
we can also ensure that vy(f) = 0; we assume this for simplicity.

b) It is simpler that f(z) has non-negative Taylor coefficients, and a sufficient condition
for this is that a, b, c € RT[[z]].

c) It is also simpler for the analysis to assume that the characteristic equation X3 —
a(1)X? —b(1)X — ¢(1) of has roots with pairwise distinct modulus, so that by [5],
f(z) = (1+0(1)C(2)/(1 — z)e-) wwhere C(z) = C(2") and y; is the root with largest
modulus, which is thus necessarily > 0 because f has real Taylor coefficients. Note that
to write down the characteristic equation, it is implicitly assumed that a(1),5(1) and ¢(1)
are defined.

d) Since f is positive and increasing on [0, 1), we can define the function u(z) := f(z)/f(z") >
L on [0,1). It satisfies the non-linear Mahler equation

b(z) N c(z)

uiz) =a(z) + o 6.2
e AT Eo e 02
e) By the Bell-Coons estimate, we have
_ O(z)(1 — zn)leer(m) (1= 2n)lesr(m) -
M(Z) - C(ZT)(]. _ Z)IOgr(Hl) (1 + 0<1)) - (1 _ Z)IOgT(/J‘l) <1 + 0(1)) — /’1’17 Z— 1 .
f) The first real difficulty arises when we want to justify that
py = lim p/'(z)
z—1-
exists and is finite. The only reasonable way to do that is by differentiation of (6.2)):
W (2) = p(2) + o () () + () (")
where
b'(2) (2)
!/
plz) :=a(z)+ + T
S TS T e
rz" 1 > r227e(2)
0(z) = ——=(b(z)+cz)/uz=z")), 7(2)=—"""—5>.
(2) 1=~ ) + o) (), 7(e) =~

Then one could perform an analysis like in the proof of Theorem [2f this requires assump-
tions on a, b, ¢ like (H6) to succeed.

g) Moreover, we want to prove that p”’(z) = O((1 — 2)"2) with n > 1. This is used to
find an asymptotic expansion as t — 07 of p/(e™") and of p(e™) in O(t" ') and in O(t*)
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respectively, where a := min(n,2). It is also used to prove the convergence of the series
involving the Mellin transform (see Eq. (6.3))) by an analogue of Lemma[12]

h) Another difficulty to pursue the analysis is that we need to have pf/(p1In(ug)) > 0.
Assuming this holds, we then have everything to prove that

1 2mkiN _ 2k
f(e™) = exp (logr(m) In(1/s) ot ke%o}/w (ﬁ) ) +cls+(95(sa_a)), (6.3)

where « € (1,2], ¢g and ¢; are constants which can be made explicit, and

+00
M(s) = / In(ja(e="))e*dt
0
is a priori analytic on Hy but can be meromorphically continued to H,.

i) This approach can be generalized to higher order Mahler equations: it is possible to
provide sufficient conditions on the coefficients p;(z) € R(z) of the equation

S pileyz") =0

that ensure the existence of a unique transcendental solution f(z) of the equation, holo-
morphic in D(0, 1), with f(0) = 1 and with asymptotic behavior as z — 1~ given by (6.3)),
mutatis mutandis.

BIBLIOGRAPHY

[1] B. Adamczewski, C. Faverjon, Méthode de Mahler, transcendance et relations linéaires: aspects effectifs.
J. Théor. Nombres Bordx. 30.2 (2018), 557-573.

[2] L. E. Baum, M. M. Sweet, Continued fractions of algebraic power series in characteristic 2, Ann. of
Math. (2) 103.3 (1976), 593-610.

[3] P-G. Becker, k-regular power series and Mahler-type functional equations, J. Number Theory 49.3
(1994), 269-286.

[4] J. P. Bell, F. Chyzak, M. Coons, P. Dumas, Becker’s conjecture on Mahler functions, Trans. Am. Math.
Soc. 372.5 (2019), 3405-3423.

[5] J. P. Bell, M. Coons, Transcendence tests for Mahler functions, Proc. Am. Math. Soc. 145.3 (2017),
1061-1070.

[6] J. P. Bell, M. Coons, E. Rowland, The Rational-Transcendental Dichotomy of Mahler Functions, J.
Integer Seq. 16 (2013), Article 13.2.10, 11p.

[7] R.P. Brent, M. Coons, W. Zudilin, Algebraic independence of Mahler functions via radial asymptotics,
Int. Math. Res. Not. 2016, No. 2, 571-603.

[8] F. Chyzak, T. Dreyfus, P. Dumas, M. Mezzarobba, Computing solutions of linear Mahler equations
Math. Comput. 87 (2018), No. 314, 2977-3021.

[9] M. Coons, Degree-one Mahler functions: asymptotics, applications and speculations, Bull. Aust. Math.
Soc. 102.3 (2020), 399—-409.

[10] N. G. de Bruijn, On Mahler’s partition problem, Indagationes Math. 10 (1948), 210-220.

[11] K. Dilcher, K. B. Stolarsky, Stern polynomials and double-limit continued fractions, Acta Arith. 140.2
(2009), 119-134.

[12] P. Flajolet, R. Sedgewick, Analytic Combinatorics, Cambridge University Press, 2009.

[13] G. H. Hardy, On certain oscillating series, Quaterly J. Math. 38 (1907), 269-288.



37

[14] A. Jonquitre, Note sur la série >~ fl—n Bull. SMF 17 (1889), 142-152.

[15] S. J. Miller, An identity for sums of polylogarithm functions, Integers 8 (2008), A15.

[16] J. Nieuwveld, Fractions, Functions and Folding. A Novel Link between Continued Fractions, Mahler
Functions and Paper Folding, MSc thesis, Radboud University, Nijmegen (2021).

[17] B. Randé, Equations Fonctionnelles de Mahler et Applications aux Suites p-réguliéres, These de doc-
torat, Université de Bordeaux I, Talence (1992).

[18] W. Zudilin, A strange identity of an MF (Mahler function), https://arxiv.org/abs/2403.13604

MARINA POULET, INSTITUT FOURIER, UNIVERSITE GRENOBLE ALPES, CS 40700, 38058 GRENOBLE
CEDEX 9
Email address: marina.poulet (a) univ-grenoble-alpes.fr

TANGUY RIVOAL, INSTITUT FOURIER, CNRS ET UNIVERSITE GRENOBLE ALPES, CS 40700, 38058
GRENOBLE CEDEX 9
Email address: tanguy.rivoal (a) univ-grenoble-alpes.fr



	1. Introduction
	1.1. Context
	Notations
	1.2. Mahler equations of order 1
	1.3. Mahler equations of order 2
	1.4. Inhomogeneous Mahler equations of order 1

	2. Proof of Theorem 1
	2.1. Preparatory results
	2.2. Completion of the proof of Theorem 1

	3. Proof of Theorem 2
	3.1. Preparatory results
	3.2. Completion of the proof of Theorem 2

	4. The generating function of the Baum-Sweet sequence
	5. Proof of Theorem 3
	5.1. Hardy's expansions
	5.2. Proof of Theorem 3

	6. Beyond our theorems
	6.1. Mahler functions of order 2
	6.2. Mahler equations of order 3

	Bibliography

